








Object o = new Object(); 

 

fork { 

   o.talk = “Martin” 

} 

 

o.talk = “Marco”          
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ConcurrentHashMap data = new ConcurrentHashMap(); 

 

for (String key : keys) 

   fork { 

      data.put(key, Value.compute(key)); 

   } 

 

    

new Array [data.size()]; 



ConcurrentHashMap data = new ConcurrentHashMap(); 

 

for (String key : keys) 

   fork { 

      data.put(key, Value.compute(key)); 

   } 

 

joinAll 

new Array [data.size()]; 







⟺           k1 ≠ k2 ∨ (v1 = r1 ∧ v2 = r2) 

size()/n1 ⋈ get(k2)/v2 

put(k1,v1)/r1 ⋈ size()/n2 

put(k1,v1)/r1 ⋈ put(k2,v2)/r2 

put(k1,v1)/r1 ⋈ get(k2)/v2 

size()/n1 ⋈ size()/n2 

get(k1)/v1 ⋈ get(k2)/v2 

⟺          (v1 = nil ∧ r1 = nil) ∨ (v1 ≠ nil ∧ r1 ≠ nil) 

⟺           true 

⟺           k1 ≠ k2 ∨ v1 = r1 

⟺           true 

⟺           true 



put(k1,v1)/r1 ⋈ size()/n2 ⟺          (v1 = nil ∧ r1 = nil) ∨ (v1 ≠ nil ∧ r1 ≠ nil) 



put(k1,v1)/r1 ⋈ size()/n2 ⟺          (v1 = nil ∧ r1 = nil) ∨ (v1 ≠ nil ∧ r1 ≠ nil) 

⋈

⋈ 

  

 





 foreach b  Seen { 
   if not(op ⋈ b) and (op || b)

     report ‘commutativity race’ 

 } 

 Seen = Seen  op 

Seen =  
 

op 



 foreach b  Seen { 
   if not(op ⋈ b) and (op || b)

     report ‘commutativity race’ 

 } 

 Seen = Seen  op 

Seen =  
 

op 

Commute? Ordered? 



 foreach b  Seen { 
   if not(op ⋈ b) and (op || b)

     report ‘commutativity race’ 

 } 

 Seen = Seen  op 

Seen

Seen =  
 

op 

Commute? Ordered? 



put(k1, v1)/nil 

⋈ 

⋈ 

⋈ 

size()/3 

put(k1, v1)/nil  put(k2, v2)/nil  put(k3, v3)/nil  size()/3  

put(k2, v2)/nil 

put(k3, v3)/nil 

size()/3 



put(k1,v1)/r1 ⋈ size()/n2 

put(k1,v1)/r1 ⋈ put(k2,v2)/r2 

put(k1,v1)/r1 ⋈ get(k2)/v2 

size()/n1 ⋈ size()/n2 

⟺ (v1 = nil ∧ r1 = nil) ∨ (v1 ≠ nil ∧ r1 ≠ nil) 

⟺ true 

⟺ k1 ≠ k2 ∨ (v1 = r1 ∧ v2 = r2) 

⟺ k1 ≠ k2 ∨ v1 = r1 



⋈



⋈



⋈



size()/n1 ⋈ get(k2)/v2 

put(k1,v1)/r1 ⋈ size()/n2 

put(k1,v1)/r1 ⋈ put(k2,v2)/r2 

put(k1,v1)/r1 ⋈ get(k2)/v2 

size()/n1 ⋈ size()/n2 

get(k1)/v1 ⋈ get(k2)/v2 

⟺ (v1 = nil ∧ r1 = nil) ∨ (v1 ≠ nil ∧ r1 ≠ nil) 

⟺ true 

⟺ k1 ≠ k2 ∨ (v1 = r1 ∧ v2 = r2) 

⟺ k1 ≠ k2 ∨ v1 = r1 

⟺ true 

⟺ true 

resize w:’a’ size 

size()/1 put(‘a’,‘tiger’)/nil 

µ µ 

conflict 

vs. 



size()/n1 ⋈ get(k2)/v2 

put(k1,v1)/r1 ⋈ size()/n2 

put(k1,v1)/r1 ⋈ put(k2,v2)/r2 

put(k1,v1)/r1 ⋈ get(k2)/v2 

size()/n1 ⋈ size()/n2 

get(k1)/v1 ⋈ get(k2)/v2 

⟺ (v1 = nil ∧ r1 = nil) ∨ (v1 ≠ nil ∧ r1 ≠ nil) 

⟺ true 

⟺ k1 ≠ k2 ∨ (v1 = r1 ∧ v2 = r2) 

⟺ k1 ≠ k2 ∨ v1 = r1 

⟺ true 

⟺ true 

resize w:’a’ size 

size()/1 put(‘a’,‘tiger’)/nil 

µ µ 

conflict 

vs. commutativity 

compiler 



put(k1, v1)/nil 

⋈ 

⋈ 

⋈ put(k2, v2)/nil 

put(k3, v3)/nil 

size()/3 

w:k1 

⋈ w:k2 

w:k3 

size 

r
e
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e
 

µ-



+ 
put(k1,v1)/r1 ⋈ size()/n2 

put(k1,v1)/r1 ⋈ put(k2,v2)/r2 

put(k1,v1)/r1 ⋈ get(k2)/v2 

size()/n1 ⋈ size()/n2 

⟺ (v1 = nil ∧ r1 = nil) ∨ (v1 ≠ nil ∧ r1 ≠ nil) 

⟺ true 

⟺ k1 ≠ k2 ∨ (v1 = r1 ∧ v2 = r2) 

⟺ k1 ≠ k2 ∨ v1 = r1 



+ 
put(k1,v1)/r1 ⋈ size()/n2 

put(k1,v1)/r1 ⋈ put(k2,v2)/r2 

put(k1,v1)/r1 ⋈ get(k2)/v2 

size()/n1 ⋈ size()/n2 

⟺ (v1 = nil ∧ r1 = nil) ∨ (v1 ≠ nil ∧ r1 ≠ nil) 

⟺ true 

⟺ k1 ≠ k2 ∨ (v1 = r1 ∧ v2 = r2) 

⟺ k1 ≠ k2 ∨ v1 = r1 







S ::= V1 ≠ V2 | S  S | true | false 
 

 

 

 

put(k1,v1)/r1 ⋈ get(k2)/v2 ⟺  k1 ≠ k2 ∨ v1 = r1 

V1 = V2 



S ::= V1 ≠ V2 | S  S | true | false 
 

B ::= PV1 | PV2 | B | B  B | B  B | true | false 
 

 

V1 V2



S ::= V1 ≠ V2 | S  S | true | false 
 

B ::= PV1 | PV2 | B | B  B | B  B | true | false 
 

 

V1 V2

put(k1,v1)/r1 ⋈ get(k2)/v2 ⟺  k1 ≠ k2 ∨ v1 = r1 



S ::= V1 ≠ V2 | S  S | true | false 
 

B ::= PV1 | PV2 | B | B  B | B  B | true | false 
 

X ::= S | B | X  X | X  B 

X  X  



S ::= V1 ≠ V2 | S  S | true | false 
 

B ::= PV1 | PV2 | B | B  B | B  B | true | false 
 

X ::= S | B | X  X | X  B 

X  X  

put(k1,v1)/r1 ⋈ get(k2)/v2 ⟺  k1 ≠ k2 ∨ v1 = r1 

S B 



S ::= V1 ≠ V2 | S  S | true | false 
 

B ::= PV1 | PV2 | B | B  B | B  B | true | false 
 

X ::= S | B | X  X | X  B 



read()/r1 ⋈ read()/r2 

read()/r1 ⋈ write(v2) 

write(v1) ⋈ write(v2) 

⟺    true 

⟺    false 

⟺    false 



read()/r1 ⋈ read()/r2 

read()/r1 ⋈ write(v2) 

write(v1) ⋈ write(v2) 

⟺    true 

⟺    r1 = v2 

⟺    v1 = v2 



new {} 

fork 

put 

size 

put 

join 

+ 

[0,0,0,0] 

[1,2,0,0] 

[0,1,0,3] 

[4,2,1,0] 

put(k1,v1)/r1 ⋈ size()/n2 

put(k1,v1)/r1 ⋈ put(k2,v2)/r2 

put(k1,v1)/r1 ⋈ get(k2)/v2 

size()/n1 ⋈ size()/n2 

⟺ (v1 = nil ∧ r1 = nil) ∨ (v1 ≠ nil ∧ r1 ≠ nil) 

⟺ true 

⟺ k1 ≠ k2 ∨ (v1 = r1 ∧ v2 = r2) 

⟺ k1 ≠ k2 ∨ v1 = r1 





new {} 

fork 

put 

size 

put 

join 

+ 

[0,0,0,0] 

[1,2,0,0] 

[0,1,0,3] 

[4,2,1,0] 

put(k1,v1)/r1 ⋈ size()/n2 

put(k1,v1)/r1 ⋈ put(k2,v2)/r2 

put(k1,v1)/r1 ⋈ get(k2)/v2 

size()/n1 ⋈ size()/n2 

⟺ (v1 = nil ∧ r1 = nil) ∨ (v1 ≠ nil ∧ r1 ≠ nil) 

⟺ true 

⟺ k1 ≠ k2 ∨ (v1 = r1 ∧ v2 = r2) 

⟺ k1 ≠ k2 ∨ v1 = r1 





new {} 

fork 

put 

size 

put 

join 

+ 

[0,0,0,0] 

[1,2,0,0] 

[0,1,0,3] 

[4,2,1,0] 

put(k1,v1)/r1 ⋈ size()/n2 

put(k1,v1)/r1 ⋈ put(k2,v2)/r2 

put(k1,v1)/r1 ⋈ get(k2)/v2 

size()/n1 ⋈ size()/n2 

⟺ (v1 = nil ∧ r1 = nil) ∨ (v1 ≠ nil ∧ r1 ≠ nil) 

⟺ true 

⟺ k1 ≠ k2 ∨ (v1 = r1 ∧ v2 = r2) 

⟺ k1 ≠ k2 ∨ v1 = r1 



⟺       k1 ≠ k2 ∨ (v1 = r1 ∧ v2 = r2) 

size()/n1 ⋈ get(k2)/v2 

put(k1,v1)/r1 ⋈ size()/n2 

put(k1,v1)/r1 ⋈ put(k2,v2)/r2 

put(k1,v1)/r1 ⋈ get(k2)/v2 

size()/n1 ⋈ size()/n2 

get(k1)/v1 ⋈ get(k2)/v2 

⟺      (v1 = nil ∧ r1 = nil) ∨ (v1 ≠ nil ∧ r1 ≠ nil) 

⟺       true 

⟺       k1 ≠ k2 ∨ v1 = r1 

⟺       true 

⟺       true 



⟺       k1 ≠ k2 ∨ (v1 = r1 ∧ v2 = r2) 

size()/n1 ⋈ get(k2)/v2 

put(k1,v1)/r1 ⋈ size()/n2 

put(k1,v1)/r1 ⋈ put(k2,v2)/r2 

put(k1,v1)/r1 ⋈ get(k2)/v2 

size()/n1 ⋈ size()/n2 

get(k1)/v1 ⋈ get(k2)/v2 

⟺      (v1 = nil ∧ r1 = nil) ∨ (v1 ≠ nil ∧ r1 ≠ nil) 

⟺       true 

⟺       k1 ≠ k2 ∨ v1 = r1 

⟺       true 

⟺       true 

 



new {} 

fork 

put 

size 

put 

join 

+ 

[0,0,0,0] 

[1,2,0,0] 

[0,1,0,3] 

[4,2,1,0] 

put(k1,v1)/r1 ⋈ size()/n2 

put(k1,v1)/r1 ⋈ put(k2,v2)/r2 

put(k1,v1)/r1 ⋈ get(k2)/v2 

size()/n1 ⋈ size()/n2 

⟺ (v1 = nil ∧ r1 = nil) ∨ (v1 ≠ nil ∧ r1 ≠ nil) 

⟺ true 

⟺ k1 ≠ k2 ∨ (v1 = r1 ∧ v2 = r2) 

⟺ k1 ≠ k2 ∨ v1 = r1 



S ::= V1 ≠ V2 | S  S | true | false 
 

B ::= PV1 | PV2 | B | B  B | B  B | true | false 
 

X ::= S | B | X  X | X  B 



new {} 

fork 

put 

size 

put 

join 

+ 

[0,0,0,0] 

[1,2,0,0] 

[0,1,0,3] 

[4,2,1,0] 

put(k1,v1)/r1 ⋈ size()/n2 

put(k1,v1)/r1 ⋈ put(k2,v2)/r2 

put(k1,v1)/r1 ⋈ get(k2)/v2 

size()/n1 ⋈ size()/n2 

⟺ (v1 = nil ∧ r1 = nil) ∨ (v1 ≠ nil ∧ r1 ≠ nil) 

⟺ true 

⟺ k1 ≠ k2 ∨ (v1 = r1 ∧ v2 = r2) 

⟺ k1 ≠ k2 ∨ v1 = r1 





new {} 

fork 

put 

size 

put 

join 

+ 

[0,0,0,0] 

[1,2,0,0] 

[0,1,0,3] 

[4,2,1,0] 

put(k1,v1)/r1 ⋈ size()/n2 

put(k1,v1)/r1 ⋈ put(k2,v2)/r2 

put(k1,v1)/r1 ⋈ get(k2)/v2 

size()/n1 ⋈ size()/n2 

⟺ (v1 = nil ∧ r1 = nil) ∨ (v1 ≠ nil ∧ r1 ≠ nil) 

⟺ true 

⟺ k1 ≠ k2 ∨ (v1 = r1 ∧ v2 = r2) 

⟺ k1 ≠ k2 ∨ v1 = r1 



= 
? 



new {} 

fork 

put 

size 

put 

join 

+ 

[0,0,0,0] 

[1,2,0,0] 

[0,1,0,3] 

[4,2,1,0] 

put(k1,v1)/r1 ⋈ size()/n2 

put(k1,v1)/r1 ⋈ put(k2,v2)/r2 

put(k1,v1)/r1 ⋈ get(k2)/v2 

size()/n1 ⋈ size()/n2 

⟺ (v1 = nil ∧ r1 = nil) ∨ (v1 ≠ nil ∧ r1 ≠ nil) 

⟺ true 

⟺ k1 ≠ k2 ∨ (v1 = r1 ∧ v2 = r2) 

⟺ k1 ≠ k2 ∨ v1 = r1 



new {} 

fork 

put 

size 

put 

join 

+ 

[0,0,0,0] 

[1,2,0,0] 

[0,1,0,3] 

[4,2,1,0] 

put(k1,v1)/r1 ⋈ size()/n2 

put(k1,v1)/r1 ⋈ put(k2,v2)/r2 

put(k1,v1)/r1 ⋈ get(k2)/v2 

size()/n1 ⋈ size()/n2 

⟺ (v1 = nil ∧ r1 = nil) ∨ (v1 ≠ nil ∧ r1 ≠ nil) 

⟺ true 

⟺ k1 ≠ k2 ∨ (v1 = r1 ∧ v2 = r2) 

⟺ k1 ≠ k2 ∨ v1 = r1 



new {} 

fork 

put 

size 

put 

join 

+ 

[0,0,0,0] 

[1,2,0,0] 

[0,1,0,3] 

[4,2,1,0] 

put(k1,v1)/r1 ⋈ size()/n2 

put(k1,v1)/r1 ⋈ put(k2,v2)/r2 

put(k1,v1)/r1 ⋈ get(k2)/v2 

size()/n1 ⋈ size()/n2 

⟺ (v1 = nil ∧ r1 = nil) ∨ (v1 ≠ nil ∧ r1 ≠ nil) 

⟺ true 

⟺ k1 ≠ k2 ∨ (v1 = r1 ∧ v2 = r2) 

⟺ k1 ≠ k2 ∨ v1 = r1 


