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World Is Built For Dense
Hardware Utilization 
• Peak Performance (GEMM) 

• 70-80% of CPU 
• 80-90% of GPU 

• Optimizations 
• Prefetching, Branch 

Predictions, TLB, cache, .. 

Programming Systems 
• Abstractions that Work across 

Different Algorithms (Dense 
Linear Algebra, Image 
Processing, Deep Learning, ..)  
• BLAS, Halide, TensorFlow, …  
• Optimizing Compilers 

• Tiling, Vectorization, Unrolling, .. 



But…Most Data Has Structure

Sparsity Replicated Symmetry



For Example, Sparse Tensors Are Everywhere

Computational Biology
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Sparse Convolutional Networks

Sparse Networks
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Figure 1: Visualization of random dense and random block-sparse weight matrices, where white
indicates a weight of zero. Our new kernels allow efficient usage of block-sparse weights in fully
connected and convolutional layers, as illustrated in the middle figure. For convolutional layers, the
kernels allow for sparsity in input and output feature dimensions; the connectivity is still dense in the
spatial dimensions. The sparsity is defined at the level of blocks (right figure), with block size of at
least 8⇥ 8. At the block level, the sparsity pattern is completely configurable. Since the kernels skip
computations of blocks that are zero, the computational cost is only proportional to the number of
weights, not the number of input/output features.

Figure 2: Dense linear layers (left) can be replaced with layers that are sparse and wider (center) or
sparse and deeper (right) while approximately retaining computational cost and memory cost. Note
these costs are, in principle, proportional to the number of non-zero weights (edges). The shown
networks have an equal number of edges. However, the sparse and wide network has the potential
advantage of a larger information bandwidth, while the deeper network has the potential benefit of
fitting nonlinear functions.

Block-sparsity unlocks various research directions (see section 6). One application we explore in
experiments is the widening or deepening of neural networks, while increasing sparsity, such that
the computational cost remains approximately equal as explained in figure 2. In experiments we
have only scratched the surface of the applications of block-sparse linear operations; by releasing our
kernels in the open, we aim to spur further advancement in model and algorithm design.

2 Capabilities

The two main components of this release are a block-sparse matrix multiplication kernel and a
block-sparse convolution kernel. Both are wrapped in Tensorflow [Abadi et al., 2016] ops for easy
use and the kernels are straightforward to integrate into other frameworks, such as PyTorch.

Both kernels support an arbitrary block size and are optimized for 8x8, 16x16, and 32x32 block sizes.
The matrix multiplication kernel supports an arbitrary block layout which is specified via a masking
matrix. In addition, the feature axis is configurable. The convolution kernel supports non-contiguous
input/output feature blocks of any uniform or non-uniform size specified via a configuration format
(see API) though multiples of 32x32 perform best. Arbitrary dense spatial filter sizes are supported in
addition to dilation, striding, padding, and edge biasing.
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Extremely sparse 
Dense storage: 107 Exabytes

Sparse storage: 13 Gigabytes
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Ignoring Sparsity Is Throwing Away Performance

Sparse Matrix Vector Multiplication (SpMV)

8K x 8K  
double precision  

matrix in CSR



Ignoring Sparsity Is Throwing Away Performance

Sparse Matrix Matrix Multiplication (SpMV)

4K x 4K  
double precision  

matrix in CSR



Sparse Problems Are Everywhere
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[Hegde, et.al., MICRO 2019]
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compressedhash map

for (int pA = 0; pA < m*n; pA++) { 
  A[pA] = 0.0; 
} 
for (int pB1 = B1_pos[0]; pB1 < B1_pos[1]; pB1++) { 
  int i = B1_crd[pB1]; 
  for (int pB2 = B2_pos[pB1]; pB2 < B2_pos[pB1+1]; pB2++) { 
    int j = B2_crd[pB2]; 
    int pA2 = i*n + j; 
    double t = 0.0; 
    for (int pB3 = B3_pos[pB2]; pB3 < B3_pos[pB2+1]; pB3++) { 
      int k = B3_crd[pB3]; 
      int pc1 = k % c_size; 
      if (c_crd[pc1] != k && c_crd[pc1] != -1) { 
        int end = pc; 
        do { 
          pc = (pc+1) % c_size; 
        } while (c_crd[pc1] != k && 
                 c_crd[pc1] != -1 && pc1 != end); 
      } 
      if (c_crd[pc1] == k) { 
        t += B[pB3] * c[pc1]; 
      } 
    } 
    A[pA2] = t; 
  } 
}

for (int pA = 0; pA < m*n; pA++) { 
  A[pA] = 0.0; 
} 
for (int pB1 = B1_pos[0]; pB1 < B1_pos[1]; pB1++) { 
  int i = B1_crd[pB1]; 
  for (int pB2 = B2_pos[pB1]; pB2 < B2_pos[pB1+1]; pB2++) { 
    int j = B2_crd[pB2]; 
    int pA2 = i*n + j; 
    double t = 0.0; 
    int pB3 = B3_pos[pB2]; 
    int pc1 = c1_pos[0]; 
    while (pB3 < B3_pos[pB2+1] && pc1 < c1_pos[1]) { 
      int kB = B3_crd[pB3]; 
      int kc = c1_crd[pc1]; 
      int k = min(kB, kc); 
      if (kB == k && kc == k) { 
        t += B[pB3] * c[pc1]; 
      } 
      pB3 += (int)(kB == k); 
      pc1 += (int)(kc == k); 
    } 
    A[pA2] = t; 
  } 
} 

for (int pA = 0; pA < m*n; pA++) { 
  A[pA] = 0.0; 
} 
for (int pB1 = B1_pos[0]; pB1 < B1_pos[1]; pB1++) { 
  int i = B1_crd[pB1]; 
  for (int pB2 = B2_pos[pB1]; pB2 < B2_pos[pB1+1]; pB2++) { 
    int j = B2_crd[pB2]; 
    int pA2 = i*n + j; 
    double t = 0.0; 
    for (int pB3 = B3_pos[pB2]; pB3 < B3_pos[pB2+1]; pB3++) { 
      int k = B3_crd[pB3]; 
      t += B[pB3] * c[k]; 
    } 
    A[pA2] = t; 
  } 
} 

for (int i = 0; i < m; i++) { 

  for (int j = 0; j < n; j++) { 
    int pB2 = i*n + j; 
    int pA2 = i*n + j; 
    double t = 0.0; 
    for (int k = 0; k < o; k++) { 
      int pB3 = pB2*o + k; 
      t += B[pB3] * c[k]; 
    } 
    A[pA2] = t; 
  } 
} CSFdense

Complexity Of Sparse Code
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Aij =
X

k

Bijkck
<latexit sha1_base64="21X5a4reBToK+7xIGmomAtCjbOw="></latexit>

dense

int iB = 0; 
int C0_pos = C0_pos[0]; 
while (C0_pos < C0_pos[1]) { 
  int iC = C0_crd[C0_pos]; 
  int C0_end = C0_pos + 1; 
  if (iC == iB) 
    while ((C0_end < C0_pos[1]) && (C0_crd[C0_end] == iB)) { 
      C0_end++; 
    } 
  if (iC == iB) { 
    int B1_pos = B1_pos[iB]; 
    int C1_pos = C0_pos; 
    while ((B1_pos < B1_pos[iB + 1]) && (C1_pos < C0_end)) { 
      int jB = B1_crd[B1_pos]; 
      int jC = C1_crd[C1_pos]; 
      int j = min(jB, jC); 
      int A1_pos = (iB * A1_size) + j; 
      int C1_end = C1_pos + 1; 
      if (jC == j) 
        while ((C1_end < C0_end) && (C1_crd[C1_end] == j)) { 
          C1_end++; 
        } 
      if ((jB == j) && (jC == j)) { 
        int B2_pos = B2_pos[B1_pos]; 
        int C2_pos = C1_pos; 
        while ((B2_pos < B2_pos[B1_pos + 1]) && (C2_pos < C1_end)) { 
          int kB = B2_crd[B2_pos]; 
          int kC = C2_crd[C2_pos]; 
          int k = min(kB, kC); 
          int A2_pos = (A1_pos * A2_size) + k; 
          if ((kB == k) && (kC == k)) { 
            A[A2_pos] = B[B2_pos] + C[C2_pos]; 
          } else if (kB == k) { 
            A[A2_pos] = B[B2_pos]; 
          } else { 
            A[A2_pos] = C[C2_pos]; 
          } 
          if (kB == k) B2_pos++; 
          if (kC == k) C2_pos++; 
        } 
        while (B2_pos < B2_pos[B1_pos + 1]) { 
          int kB0 = B2_crd[B2_pos]; 
          int A2_pos0 = (A1_pos * A2_size) + kB0; 
          A[A2_pos0] = B[B2_pos]; 
          B2_pos++; 
        } 
        while (C2_pos < C1_end) { 
          int kC0 = C2_crd[C2_pos]; 
          int A2_pos1 = (A1_pos * A2_size) + kC0; 
          A[A2_pos1] = C[C2_pos]; 
          C2_pos++; 
        } 
      } else if (jB == j) { 
        for (int B2_pos0 = B2_pos[B1_pos];  
                 B2_pos0 < B2_pos[B1_pos + 1]; B2_pos0++) { 
          int kB1 = B2_crd[B2_pos0]; 
          int A2_pos2 = (A1_pos * A2_size) + kB1; 
          A[A2_pos2] = B[B2_pos0]; 
        } 
      } else { 
        for (int C2_pos0 = C1_pos; C2_pos0 < C1_end; C2_pos0++) { 
          int kC1 = C2_crd[C2_pos0]; 
          int A2_pos3 = (A1_pos * A2_size) + kC1; 
          A[A2_pos3] = C[C2_pos0]; 
        } 
      } 
      if (jB == j) B1_pos++; 
      if (jC == j) C1_pos = C1_end; 
    }

    while (B1_pos < B1_pos[iB + 1]) { 
      int jB0 = B1_crd[B1_pos]; 
      int A1_pos0 = (iB * A1_size) + jB0; 
      for (int B2_pos1 = B2_pos[B1_pos];  
               B2_pos1 < B2_pos[B1_pos + 1]; B2_pos1++) { 
        int kB2 = B2_crd[B2_pos1]; 
        int A2_pos4 = (A1_pos0 * A2_size) + kB2; 
        A[A2_pos4] = B[B2_pos1]; 
      } 
      B1_pos++; 
    } 
    while (C1_pos < C0_end) { 
      int jC0 = C1_crd[C1_pos]; 
      int A1_pos1 = (iB * A1_size) + jC0; 
      int C1_end0 = C1_pos + 1; 
      while ((C1_end0 < C0_end) && (C1_crd[C1_end0] == jC0)) { 
        C1_end0++; 
      } 
      for (int C2_pos1 = C1_pos; C2_pos1 < C1_end0; C2_pos1++) { 
        int kC2 = C2_crd[C2_pos1]; 
        int A2_pos5 = (A1_pos1 * A2_size) + kC2; 
        A[A2_pos5] = C[C2_pos1]; 
      } 
      C1_pos = C1_end0; 
    } 
  } else { 
    for (int B1_pos0 = B1_pos[iB];  
             B1_pos0 < B1_pos[iB + 1]; B1_pos0++) { 
      int jB1 = B1_crd[B1_pos0]; 
      int A1_pos2 = (iB * A1_size) + jB1; 
      for (int B2_pos2 = B2_pos[B1_pos0];  
               B2_pos2 < B2_pos[B1_pos0 + 1]; B2_pos2++) { 
        int kB3 = B2_crd[B2_pos2]; 
        int A2_pos6 = (A1_pos2 * A2_size) + kB3; 
        A[A2_pos6] = B[B2_pos2]; 
      } 
    } 
  } 
  if (iC == iB) C0_pos = C0_end; 
  iB++; 
} 
while (iB < B0_size) { 
  for (int B1_pos1 = B1_pos[iB];  
           B1_pos1 < B1_pos[iB + 1]; B1_pos1++) { 
    int jB2 = B1_crd[B1_pos1]; 
    int A1_pos3 = (iB * A1_size) + jB2; 
    for (int B2_pos3 = B2_pos[B1_pos1];  
             B2_pos3 < B2_pos[B1_pos1 + 1]; B2_pos3++) { 
      int kB4 = B2_crd[B2_pos3]; 
      int A2_pos7 = (A1_pos3 * A2_size) + kB4; 
      A[A2_pos7] = B[B2_pos3]; 
    } 
  } 
  iB++; 
}

Aijk = Bijk + Cijk
<latexit sha1_base64="WmxmhIelAYPD8EnOcKwn0WVL/oQ="></latexit>
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Mesh Simulations on GPUs [BG 2009]

Thermal SimulationWeb matrix [BG 2008]

Data Analytics

Eulerian SimulationsConvolutions, Image Processing

Sparsity Is Currently Addressed One-Problem-At-A-Time
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OSKI has 282 specialized variants of this expression

Hash MapsSparse vector

Data analytics

(tensor factorization)
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Dense Matrix

Blocked DIA

BCSR

Blocked COO

Finite Elements Method,

Block-Sparse NN Weights [GRK 2017]

a = Bc
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<latexit sha1_base64="N+fHySzeudcKmh9ktmAemyv4Yoc="></latexit><latexit sha1_base64="N+fHySzeudcKmh9ktmAemyv4Yoc="></latexit><latexit sha1_base64="N+fHySzeudcKmh9ktmAemyv4Yoc="></latexit><latexit sha1_base64="N+fHySzeudcKmh9ktmAemyv4Yoc="></latexit>

a = BT c+ d
<latexit sha1_base64="BoRDqu4jrKwt7G+LOBntMOLNVkg="></latexit><latexit sha1_base64="BoRDqu4jrKwt7G+LOBntMOLNVkg="></latexit><latexit sha1_base64="BoRDqu4jrKwt7G+LOBntMOLNVkg="></latexit><latexit sha1_base64="BoRDqu4jrKwt7G+LOBntMOLNVkg="></latexit>

a = ↵Bc+ �a
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Aijk =
X

l

BiklClj

<latexit sha1_base64="Jg7tMfPL9V85FVq353d9N6wVV1k="></latexit><latexit sha1_base64="Jg7tMfPL9V85FVq353d9N6wVV1k="></latexit><latexit sha1_base64="Jg7tMfPL9V85FVq353d9N6wVV1k="></latexit><latexit sha1_base64="Jg7tMfPL9V85FVq353d9N6wVV1k="></latexit>

Akj =
X

il

BiklCljDij

<latexit sha1_base64="e1SJTw0fT/4v00mBhJv1CnYdiqo="></latexit><latexit sha1_base64="e1SJTw0fT/4v00mBhJv1CnYdiqo="></latexit><latexit sha1_base64="e1SJTw0fT/4v00mBhJv1CnYdiqo="></latexit><latexit sha1_base64="e1SJTw0fT/4v00mBhJv1CnYdiqo="></latexit>

Alj =
X

ik

BiklCijDkj

<latexit sha1_base64="0NTK8pwrGoU3elIMno3EB1xPjos="></latexit><latexit sha1_base64="0NTK8pwrGoU3elIMno3EB1xPjos="></latexit><latexit sha1_base64="0NTK8pwrGoU3elIMno3EB1xPjos="></latexit><latexit sha1_base64="0NTK8pwrGoU3elIMno3EB1xPjos="></latexit>

Aik =
X

j

Bijkcj
<latexit sha1_base64="eahwPN00mggU43aE+RQ9sbc2T/E="></latexit><latexit sha1_base64="eahwPN00mggU43aE+RQ9sbc2T/E="></latexit><latexit sha1_base64="eahwPN00mggU43aE+RQ9sbc2T/E="></latexit><latexit sha1_base64="eahwPN00mggU43aE+RQ9sbc2T/E="></latexit>

Ajk =
X

i

Bijkci
<latexit sha1_base64="oObTlZL5pEjpbyoFGpBeEXIgOew="></latexit><latexit sha1_base64="oObTlZL5pEjpbyoFGpBeEXIgOew="></latexit><latexit sha1_base64="oObTlZL5pEjpbyoFGpBeEXIgOew="></latexit><latexit sha1_base64="oObTlZL5pEjpbyoFGpBeEXIgOew="></latexit>

Aijl =
X

k

BiklCkj

<latexit sha1_base64="9+4Bsvf1L5RyRH+Ggtn/T6gxidA="></latexit><latexit sha1_base64="9+4Bsvf1L5RyRH+Ggtn/T6gxidA="></latexit><latexit sha1_base64="9+4Bsvf1L5RyRH+Ggtn/T6gxidA="></latexit><latexit sha1_base64="9+4Bsvf1L5RyRH+Ggtn/T6gxidA="></latexit>

⌧ =
X

i

zi(
X

j

zj✓ij)(
X

k

zk✓ik)

<latexit sha1_base64="th79iZGJTdJf8PQ5vnhoFNfiiGI="></latexit><latexit sha1_base64="th79iZGJTdJf8PQ5vnhoFNfiiGI="></latexit><latexit sha1_base64="th79iZGJTdJf8PQ5vnhoFNfiiGI="></latexit><latexit sha1_base64="th79iZGJTdJf8PQ5vnhoFNfiiGI="></latexit>C =
X

ijkl

MijPjkMlk Pil

<latexit sha1_base64="2lGj66gcg0p0YQ6h0/7Wlo1R8BM="></latexit><latexit sha1_base64="2lGj66gcg0p0YQ6h0/7Wlo1R8BM="></latexit><latexit sha1_base64="2lGj66gcg0p0YQ6h0/7Wlo1R8BM="></latexit><latexit sha1_base64="2lGj66gcg0p0YQ6h0/7Wlo1R8BM="></latexit>

a =
X

ijklmnop

MijPjkMklPlmMnmPnoMpo Pip

<latexit sha1_base64="2uUwWQztKE/bN1y87STC5ZKKNG4="></latexit><latexit sha1_base64="2uUwWQztKE/bN1y87STC5ZKKNG4="></latexit><latexit sha1_base64="2uUwWQztKE/bN1y87STC5ZKKNG4="></latexit><latexit sha1_base64="2uUwWQztKE/bN1y87STC5ZKKNG4="></latexit>

a = Bc+ a
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



World Is Built For Dense…What About Sparse?
Hardware Utilization 
• Peak Performance (GEMM) 

• 70-80% of CPU 
• 80-90% of GPU 

• Optimizations 
• Prefetching, Branch Predictions, TLB, cache, .. 

Programming Systems 
• Abstractions that Work across Different 

Algorithms 
• BLAS, Halide, TensorFlow, …  
• Optimizing Compilers 

• Tiling, Vectorization, Unrolling, .. 

• Peak Performance (PageRank, SpMv) 
• < 10% Peak of CPU and GPU

C
ac

he
 M

is
s 

Ra
te

s

0%
8%

16%
24%
32%
40% PageRank

Dense Matrix Mult

• What abstraction??
template<typename APPLY_FUNC> 
void edgeset_apply_pull_parallel(Graph &g, APPLY_FUNC apply_func) { 
    int64_t numVertices = g.num_nodes(), numEdges = g.num_edges(); 
    parallel_for(int n = 0; n < numVertices; n++) { 
        for (int socketId = 0; socketId < omp_get_num_places(); socketId++) { 
            local_new_rank[socketId][n] = new_rank[n]; } } 
    int numPlaces = omp_get_num_places(); 
    int numSegments = g.getNumSegments("s1"); 
    int segmentsPerSocket = (numSegments + numPlaces - 1) / numPlaces; 
        #pragma omp parallel num_threads(numPlaces) proc_bind(spread){ 
        int socketId = omp_get_place_num(); 
        for (int i = 0; i < segmentsPerSocket; i++) { 
            int segmentId = socketId + i * numPlaces; 
            if (segmentId >= numSegments) break; 
            auto sg = g.getSegmentedGraph(std::string("s1"), segmentId); 
            #pragma omp parallel num_threads(omp_get_place_num_procs(socketId)) proc_bind(close){ 
                #pragma omp for schedule(dynamic, 1024) 
                for (NodeID localId = 0; localId < sg->numVertices; localId++) { 
                    NodeID d = sg->graphId[localId]; 
                    for (int64_t ngh = sg->vertexArray[localId]; ngh < sg->vertexArray[localId + 1]; ngh++) { 
                        NodeID s = sg->edgeArray[ngh]; 
                        local_new_rank[socketId][d] += contrib[s]; }}}}} 
    parallel_for(int n = 0; n < numVertices; n++) { 
        for (int socketId = 0; socketId < omp_get_num_places(); socketId++) { 
            new_rank[n] += local_new_rank[socketId][n]; }}} 
struct updateVertex { 
    void operator() (NodeID v) { 
        double old_score = old_rank[v]; 
        new_rank[v] = (base_score + (damp * new_rank[v])); 
        error[v] = fabs((new_rank[v] - old_rank[v])) ; 
        old_rank[v] = new_rank[v]; 
        new_rank[v] = ((float) 0) ; }; }; 
void pagerank(Graph &g, double *new_rank, double *old_rank, int *out_degree, int max_iter) { 
    for (int i = (0); i < (max_iter); i++) { 
        parallel_for(int v_iter = 0; v_iter < builtin_getVertices(edges); v_iter ++) {  
            contrib[v] = (old_rank[v] / out_degree[v]);}; 
        edgeset_apply_pull_parallel(edges, updateEdge()); 
        parallel_for(int v_iter = 0; v_iter < builtin_getVertices(edges); v_iter ++) {  
            updateVertex()(v_iter); }; }

Optimized PageRank for Multi-Core CPU
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a = Bc
<latexit sha1_base64="qnhPAj9piO+ZbSmC2nFEaRfau9U="></latexit><latexit sha1_base64="qnhPAj9piO+ZbSmC2nFEaRfau9U="></latexit><latexit sha1_base64="qnhPAj9piO+ZbSmC2nFEaRfau9U="></latexit><latexit sha1_base64="qnhPAj9piO+ZbSmC2nFEaRfau9U="></latexit>A = Bc+ a

<latexit sha1_base64="Adkj9+u5UhsX3DH9ZFGDfk3XRYU="></latexit><latexit sha1_base64="Adkj9+u5UhsX3DH9ZFGDfk3XRYU="></latexit><latexit sha1_base64="Adkj9+u5UhsX3DH9ZFGDfk3XRYU="></latexit><latexit sha1_base64="Adkj9+u5UhsX3DH9ZFGDfk3XRYU="></latexit>

a = ↵Bc+ �a
<latexit sha1_base64="6cPgyhBI++vHw/44jYAB+9BIwIo="></latexit><latexit sha1_base64="6cPgyhBI++vHw/44jYAB+9BIwIo="></latexit><latexit sha1_base64="6cPgyhBI++vHw/44jYAB+9BIwIo="></latexit><latexit sha1_base64="6cPgyhBI++vHw/44jYAB+9BIwIo="></latexit>

A = 0
<latexit sha1_base64="fMbuO9ZVPXbFYHQFHbIh0E2tYTY="></latexit><latexit sha1_base64="fMbuO9ZVPXbFYHQFHbIh0E2tYTY="></latexit><latexit sha1_base64="fMbuO9ZVPXbFYHQFHbIh0E2tYTY="></latexit><latexit sha1_base64="fMbuO9ZVPXbFYHQFHbIh0E2tYTY="></latexit>

A = BT
<latexit sha1_base64="++RuxPWVlnPedy0PryCm0wCINtY="></latexit><latexit sha1_base64="++RuxPWVlnPedy0PryCm0wCINtY="></latexit><latexit sha1_base64="++RuxPWVlnPedy0PryCm0wCINtY="></latexit><latexit sha1_base64="++RuxPWVlnPedy0PryCm0wCINtY="></latexit>

A = ↵B
<latexit sha1_base64="RlqPurTaxsumE4pYE8i3oJ+lImY="></latexit><latexit sha1_base64="RlqPurTaxsumE4pYE8i3oJ+lImY="></latexit><latexit sha1_base64="RlqPurTaxsumE4pYE8i3oJ+lImY="></latexit><latexit sha1_base64="RlqPurTaxsumE4pYE8i3oJ+lImY="></latexit>

A = B + C
<latexit sha1_base64="of0JSQoHZNHx315XCL4ZYYpm5tk="></latexit><latexit sha1_base64="of0JSQoHZNHx315XCL4ZYYpm5tk="></latexit><latexit sha1_base64="of0JSQoHZNHx315XCL4ZYYpm5tk="></latexit><latexit sha1_base64="of0JSQoHZNHx315XCL4ZYYpm5tk="></latexit>

A = B � (CD)
<latexit sha1_base64="LHrpD/KZlhDGtuchs56sqm8Ns2w="></latexit><latexit sha1_base64="LHrpD/KZlhDGtuchs56sqm8Ns2w="></latexit><latexit sha1_base64="LHrpD/KZlhDGtuchs56sqm8Ns2w="></latexit><latexit sha1_base64="LHrpD/KZlhDGtuchs56sqm8Ns2w="></latexit>

A = B � C
<latexit sha1_base64="51Bv6PXmoamaoDhIm3mnbtbeS4I="></latexit><latexit sha1_base64="51Bv6PXmoamaoDhIm3mnbtbeS4I="></latexit><latexit sha1_base64="51Bv6PXmoamaoDhIm3mnbtbeS4I="></latexit><latexit sha1_base64="51Bv6PXmoamaoDhIm3mnbtbeS4I="></latexit>

a = b� c
<latexit sha1_base64="xC2UQaKMSxRXSjvXYL08jWfhOKE="></latexit><latexit sha1_base64="xC2UQaKMSxRXSjvXYL08jWfhOKE="></latexit><latexit sha1_base64="xC2UQaKMSxRXSjvXYL08jWfhOKE="></latexit><latexit sha1_base64="xC2UQaKMSxRXSjvXYL08jWfhOKE="></latexit>

A = BC
<latexit sha1_base64="bQv20MGXQbCgQg/8DLxZhpyQetw="></latexit><latexit sha1_base64="bQv20MGXQbCgQg/8DLxZhpyQetw="></latexit><latexit sha1_base64="bQv20MGXQbCgQg/8DLxZhpyQetw="></latexit><latexit sha1_base64="bQv20MGXQbCgQg/8DLxZhpyQetw="></latexit>

A = BCd
<latexit sha1_base64="NnKp6k7rsy0OIQg2+HjPSNJZihY="></latexit><latexit sha1_base64="NnKp6k7rsy0OIQg2+HjPSNJZihY="></latexit><latexit sha1_base64="NnKp6k7rsy0OIQg2+HjPSNJZihY="></latexit><latexit sha1_base64="NnKp6k7rsy0OIQg2+HjPSNJZihY="></latexit>

a = BTBc
<latexit sha1_base64="s1O5qPVOOMmGPNW3yKbJHBqgwAw="></latexit><latexit sha1_base64="s1O5qPVOOMmGPNW3yKbJHBqgwAw="></latexit><latexit sha1_base64="s1O5qPVOOMmGPNW3yKbJHBqgwAw="></latexit><latexit sha1_base64="s1O5qPVOOMmGPNW3yKbJHBqgwAw="></latexit>Aij =

X

kl

BiklCljDkj

<latexit sha1_base64="72T9XMFrNxN2gPvZZCN5dRpk/6A="></latexit><latexit sha1_base64="72T9XMFrNxN2gPvZZCN5dRpk/6A="></latexit><latexit sha1_base64="72T9XMFrNxN2gPvZZCN5dRpk/6A="></latexit><latexit sha1_base64="72T9XMFrNxN2gPvZZCN5dRpk/6A="></latexit>

Aijk =
X

l

BiklClj

Akj =
X

il

BiklCljDij

<latexit sha1_base64="e1SJTw0fT/4v00mBhJv1CnYdiqo="></latexit><latexit sha1_base64="e1SJTw0fT/4v00mBhJv1CnYdiqo="></latexit><latexit sha1_base64="e1SJTw0fT/4v00mBhJv1CnYdiqo="></latexit><latexit sha1_base64="e1SJTw0fT/4v00mBhJv1CnYdiqo="></latexit>

Aik =
X

j

Bijkcj
<latexit sha1_base64="eahwPN00mggU43aE+RQ9sbc2T/E="></latexit><latexit sha1_base64="eahwPN00mggU43aE+RQ9sbc2T/E="></latexit><latexit sha1_base64="eahwPN00mggU43aE+RQ9sbc2T/E="></latexit><latexit sha1_base64="eahwPN00mggU43aE+RQ9sbc2T/E="></latexit>

Aij = (
X

k

BijkCijk) +Dij

<latexit sha1_base64="/F2FjpAUbgNdqGgk9sYQCUlMnGo="></latexit><latexit sha1_base64="/F2FjpAUbgNdqGgk9sYQCUlMnGo="></latexit><latexit sha1_base64="/F2FjpAUbgNdqGgk9sYQCUlMnGo="></latexit><latexit sha1_base64="/F2FjpAUbgNdqGgk9sYQCUlMnGo="></latexit>

⌧ =
X

i

zi(
X

j

zj✓ij)(
X

k

zk✓ik)

<latexit sha1_base64="th79iZGJTdJf8PQ5vnhoFNfiiGI="></latexit><latexit sha1_base64="th79iZGJTdJf8PQ5vnhoFNfiiGI="></latexit><latexit sha1_base64="th79iZGJTdJf8PQ5vnhoFNfiiGI="></latexit><latexit sha1_base64="th79iZGJTdJf8PQ5vnhoFNfiiGI="></latexit>

C =
X

ijkl

MijPjkMlk Pil

<latexit sha1_base64="2lGj66gcg0p0YQ6h0/7Wlo1R8BM="></latexit><latexit sha1_base64="2lGj66gcg0p0YQ6h0/7Wlo1R8BM="></latexit><latexit sha1_base64="2lGj66gcg0p0YQ6h0/7Wlo1R8BM="></latexit><latexit sha1_base64="2lGj66gcg0p0YQ6h0/7Wlo1R8BM="></latexit>

a =
X

ijklmnop

MijPjkMklPlmMnmPnoMpo Pip

<latexit sha1_base64="2uUwWQztKE/bN1y87STC5ZKKNG4="></latexit><latexit sha1_base64="2uUwWQztKE/bN1y87STC5ZKKNG4="></latexit><latexit sha1_base64="2uUwWQztKE/bN1y87STC5ZKKNG4="></latexit><latexit sha1_base64="2uUwWQztKE/bN1y87STC5ZKKNG4="></latexit>

Expression Language

Format Language

Schedule Language

ELLPACKDIA
CSR

COO

DCSC

CSB

DCSR

CSC

Dense Matrix

Blocked DIA

BCSR

Blocked COOHash Maps
Sparse vector

CSF

Blocked TensorsDense Tensors

divide
vectorize

parallelize
split

pos

precompute
reorder

The Sparse

Tensor Compiler


(TACO)

Sparse Tensor Compiler (Taco)
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a = Bc
<latexit sha1_base64="qnhPAj9piO+ZbSmC2nFEaRfau9U="></latexit><latexit sha1_base64="qnhPAj9piO+ZbSmC2nFEaRfau9U="></latexit><latexit sha1_base64="qnhPAj9piO+ZbSmC2nFEaRfau9U="></latexit><latexit sha1_base64="qnhPAj9piO+ZbSmC2nFEaRfau9U="></latexit>A = Bc+ a

<latexit sha1_base64="Adkj9+u5UhsX3DH9ZFGDfk3XRYU="></latexit><latexit sha1_base64="Adkj9+u5UhsX3DH9ZFGDfk3XRYU="></latexit><latexit sha1_base64="Adkj9+u5UhsX3DH9ZFGDfk3XRYU="></latexit><latexit sha1_base64="Adkj9+u5UhsX3DH9ZFGDfk3XRYU="></latexit>

a = ↵Bc+ �a
<latexit sha1_base64="6cPgyhBI++vHw/44jYAB+9BIwIo="></latexit><latexit sha1_base64="6cPgyhBI++vHw/44jYAB+9BIwIo="></latexit><latexit sha1_base64="6cPgyhBI++vHw/44jYAB+9BIwIo="></latexit><latexit sha1_base64="6cPgyhBI++vHw/44jYAB+9BIwIo="></latexit>

A = 0
<latexit sha1_base64="fMbuO9ZVPXbFYHQFHbIh0E2tYTY="></latexit><latexit sha1_base64="fMbuO9ZVPXbFYHQFHbIh0E2tYTY="></latexit><latexit sha1_base64="fMbuO9ZVPXbFYHQFHbIh0E2tYTY="></latexit><latexit sha1_base64="fMbuO9ZVPXbFYHQFHbIh0E2tYTY="></latexit>

A = BT
<latexit sha1_base64="++RuxPWVlnPedy0PryCm0wCINtY="></latexit><latexit sha1_base64="++RuxPWVlnPedy0PryCm0wCINtY="></latexit><latexit sha1_base64="++RuxPWVlnPedy0PryCm0wCINtY="></latexit><latexit sha1_base64="++RuxPWVlnPedy0PryCm0wCINtY="></latexit>

A = ↵B
<latexit sha1_base64="RlqPurTaxsumE4pYE8i3oJ+lImY="></latexit><latexit sha1_base64="RlqPurTaxsumE4pYE8i3oJ+lImY="></latexit><latexit sha1_base64="RlqPurTaxsumE4pYE8i3oJ+lImY="></latexit><latexit sha1_base64="RlqPurTaxsumE4pYE8i3oJ+lImY="></latexit>

A = B + C
<latexit sha1_base64="of0JSQoHZNHx315XCL4ZYYpm5tk="></latexit><latexit sha1_base64="of0JSQoHZNHx315XCL4ZYYpm5tk="></latexit><latexit sha1_base64="of0JSQoHZNHx315XCL4ZYYpm5tk="></latexit><latexit sha1_base64="of0JSQoHZNHx315XCL4ZYYpm5tk="></latexit>

A = B � (CD)
<latexit sha1_base64="LHrpD/KZlhDGtuchs56sqm8Ns2w="></latexit><latexit sha1_base64="LHrpD/KZlhDGtuchs56sqm8Ns2w="></latexit><latexit sha1_base64="LHrpD/KZlhDGtuchs56sqm8Ns2w="></latexit><latexit sha1_base64="LHrpD/KZlhDGtuchs56sqm8Ns2w="></latexit>

A = B � C
<latexit sha1_base64="51Bv6PXmoamaoDhIm3mnbtbeS4I="></latexit><latexit sha1_base64="51Bv6PXmoamaoDhIm3mnbtbeS4I="></latexit><latexit sha1_base64="51Bv6PXmoamaoDhIm3mnbtbeS4I="></latexit><latexit sha1_base64="51Bv6PXmoamaoDhIm3mnbtbeS4I="></latexit>

a = b� c
<latexit sha1_base64="xC2UQaKMSxRXSjvXYL08jWfhOKE="></latexit><latexit sha1_base64="xC2UQaKMSxRXSjvXYL08jWfhOKE="></latexit><latexit sha1_base64="xC2UQaKMSxRXSjvXYL08jWfhOKE="></latexit><latexit sha1_base64="xC2UQaKMSxRXSjvXYL08jWfhOKE="></latexit>

A = BC
<latexit sha1_base64="bQv20MGXQbCgQg/8DLxZhpyQetw="></latexit><latexit sha1_base64="bQv20MGXQbCgQg/8DLxZhpyQetw="></latexit><latexit sha1_base64="bQv20MGXQbCgQg/8DLxZhpyQetw="></latexit><latexit sha1_base64="bQv20MGXQbCgQg/8DLxZhpyQetw="></latexit>

A = BCd
<latexit sha1_base64="NnKp6k7rsy0OIQg2+HjPSNJZihY="></latexit><latexit sha1_base64="NnKp6k7rsy0OIQg2+HjPSNJZihY="></latexit><latexit sha1_base64="NnKp6k7rsy0OIQg2+HjPSNJZihY="></latexit><latexit sha1_base64="NnKp6k7rsy0OIQg2+HjPSNJZihY="></latexit>

a = BTBc
<latexit sha1_base64="s1O5qPVOOMmGPNW3yKbJHBqgwAw="></latexit><latexit sha1_base64="s1O5qPVOOMmGPNW3yKbJHBqgwAw="></latexit><latexit sha1_base64="s1O5qPVOOMmGPNW3yKbJHBqgwAw="></latexit><latexit sha1_base64="s1O5qPVOOMmGPNW3yKbJHBqgwAw="></latexit>Aij =

X

kl

BiklCljDkj

<latexit sha1_base64="72T9XMFrNxN2gPvZZCN5dRpk/6A="></latexit><latexit sha1_base64="72T9XMFrNxN2gPvZZCN5dRpk/6A="></latexit><latexit sha1_base64="72T9XMFrNxN2gPvZZCN5dRpk/6A="></latexit><latexit sha1_base64="72T9XMFrNxN2gPvZZCN5dRpk/6A="></latexit>

Aijk =
X

l

BiklClj

Akj =
X

il

BiklCljDij

<latexit sha1_base64="e1SJTw0fT/4v00mBhJv1CnYdiqo="></latexit><latexit sha1_base64="e1SJTw0fT/4v00mBhJv1CnYdiqo="></latexit><latexit sha1_base64="e1SJTw0fT/4v00mBhJv1CnYdiqo="></latexit><latexit sha1_base64="e1SJTw0fT/4v00mBhJv1CnYdiqo="></latexit>

Aik =
X

j

Bijkcj
<latexit sha1_base64="eahwPN00mggU43aE+RQ9sbc2T/E="></latexit><latexit sha1_base64="eahwPN00mggU43aE+RQ9sbc2T/E="></latexit><latexit sha1_base64="eahwPN00mggU43aE+RQ9sbc2T/E="></latexit><latexit sha1_base64="eahwPN00mggU43aE+RQ9sbc2T/E="></latexit>

Aij = (
X

k

BijkCijk) +Dij

<latexit sha1_base64="/F2FjpAUbgNdqGgk9sYQCUlMnGo="></latexit><latexit sha1_base64="/F2FjpAUbgNdqGgk9sYQCUlMnGo="></latexit><latexit sha1_base64="/F2FjpAUbgNdqGgk9sYQCUlMnGo="></latexit><latexit sha1_base64="/F2FjpAUbgNdqGgk9sYQCUlMnGo="></latexit>

⌧ =
X

i

zi(
X

j

zj✓ij)(
X

k

zk✓ik)

<latexit sha1_base64="th79iZGJTdJf8PQ5vnhoFNfiiGI="></latexit><latexit sha1_base64="th79iZGJTdJf8PQ5vnhoFNfiiGI="></latexit><latexit sha1_base64="th79iZGJTdJf8PQ5vnhoFNfiiGI="></latexit><latexit sha1_base64="th79iZGJTdJf8PQ5vnhoFNfiiGI="></latexit>

C =
X

ijkl

MijPjkMlk Pil

<latexit sha1_base64="2lGj66gcg0p0YQ6h0/7Wlo1R8BM="></latexit><latexit sha1_base64="2lGj66gcg0p0YQ6h0/7Wlo1R8BM="></latexit><latexit sha1_base64="2lGj66gcg0p0YQ6h0/7Wlo1R8BM="></latexit><latexit sha1_base64="2lGj66gcg0p0YQ6h0/7Wlo1R8BM="></latexit>

a =
X

ijklmnop

MijPjkMklPlmMnmPnoMpo Pip

<latexit sha1_base64="2uUwWQztKE/bN1y87STC5ZKKNG4="></latexit><latexit sha1_base64="2uUwWQztKE/bN1y87STC5ZKKNG4="></latexit><latexit sha1_base64="2uUwWQztKE/bN1y87STC5ZKKNG4="></latexit><latexit sha1_base64="2uUwWQztKE/bN1y87STC5ZKKNG4="></latexit>

Expression Language

Format Language

Schedule Language

ELLPACKDIA
CSR

COO

DCSC

CSB

DCSR

CSC

Dense Matrix

Blocked DIA

BCSR

Blocked COOHash Maps
Sparse vector

CSF

Blocked TensorsDense Tensors

divide
vectorize

parallelize
split

pos

precompute
reorder

Structured Data

Tensor Compiler


 

Structured Data Tensor Compiler

Banded RaggedVBRPackBITS
Definite SymmetricLZ77 RLE

Looplet Language

Stepper
Spike

Shift
Jumper

Lookup
Pipeline

Run

Switch
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rma10

cop20k

scircuit

mac-econ

pwtk

Facebook
NELL-1
NELL-2

taco
SPLATT
TTB

a = Bc+ b
<latexit sha1_base64="FZvAfMYQ7yWqpl6E3yWEATtTL+g=">AAAELXicdZPLjtMwFIY9Ey5DucwMLNlEVEhIhFHcppdZII3KApYDojOV2mrkOKetVceJbAeoorwEW3gHnoYFEmLLa+CkKSpTYyXS8fH3H5/zSw5TzpT2/R97+86Nm7duH9xp3L13/8Hh0fHDC5VkksKQJjyRo5Ao4EzAUDPNYZRKIHHI4TJcvirPLz+AVCwR7/UqhWlM5oLNGCXapEbEfekO6PPw6qjpn/jVcncDXAdNVK/zq2 PncBIlNItBaMqJUmPsp3qaE6kZ5VA0JpmClNAlmcPYhILEoKZ51XDhPjWZyJ0l0vxCu1V2W5GTWKlVHBoyJnqhrp+VSdvZONOz/jRnIs00CLq+aJZxVyduOb0bMQlU85UJCJXM9OrSBZGEauNRozGJYGaMrPrJNaHJi5BnUOTvXg+KvNvzcND3WkGvsIARkcstuN3xTrse7nVsLGfzhd6CccvDODCVAxs9lwCiJjt9D7e6XttaNs1kyv/WxAY9NTXbNjSRRMw3aKuDzWSBh/2u/X6yqsle16s+gwn4SJM4JiLKJyVWjTPGU7ODT3rHwSYuLKL1aDZVPbRdVg9q0208sAvrsW3CjSP/a9R4YO+zNKcUmSeErz+Y3eCidYL9E/w2aJ4N6sd0gB6jJ+gZwqiHztAbdI6GiCKOPqMv6Kvzzfnu/HR+rdH9vVrzCP2znN9/AKXxZaQ=</latexit><latexit sha1_base64="FZvAfMYQ7yWqpl6E3yWEATtTL+g=">AAAELXicdZPLjtMwFIY9Ey5DucwMLNlEVEhIhFHcppdZII3KApYDojOV2mrkOKetVceJbAeoorwEW3gHnoYFEmLLa+CkKSpTYyXS8fH3H5/zSw5TzpT2/R97+86Nm7duH9xp3L13/8Hh0fHDC5VkksKQJjyRo5Ao4EzAUDPNYZRKIHHI4TJcvirPLz+AVCwR7/UqhWlM5oLNGCXapEbEfekO6PPw6qjpn/jVcncDXAdNVK/zq2 PncBIlNItBaMqJUmPsp3qaE6kZ5VA0JpmClNAlmcPYhILEoKZ51XDhPjWZyJ0l0vxCu1V2W5GTWKlVHBoyJnqhrp+VSdvZONOz/jRnIs00CLq+aJZxVyduOb0bMQlU85UJCJXM9OrSBZGEauNRozGJYGaMrPrJNaHJi5BnUOTvXg+KvNvzcND3WkGvsIARkcstuN3xTrse7nVsLGfzhd6CccvDODCVAxs9lwCiJjt9D7e6XttaNs1kyv/WxAY9NTXbNjSRRMw3aKuDzWSBh/2u/X6yqsle16s+gwn4SJM4JiLKJyVWjTPGU7ODT3rHwSYuLKL1aDZVPbRdVg9q0208sAvrsW3CjSP/a9R4YO+zNKcUmSeErz+Y3eCidYL9E/w2aJ4N6sd0gB6jJ+gZwqiHztAbdI6GiCKOPqMv6Kvzzfnu/HR+rdH9vVrzCP2znN9/AKXxZaQ=</latexit><latexit sha1_base64="FZvAfMYQ7yWqpl6E3yWEATtTL+g=">AAAELXicdZPLjtMwFIY9Ey5DucwMLNlEVEhIhFHcppdZII3KApYDojOV2mrkOKetVceJbAeoorwEW3gHnoYFEmLLa+CkKSpTYyXS8fH3H5/zSw5TzpT2/R97+86Nm7duH9xp3L13/8Hh0fHDC5VkksKQJjyRo5Ao4EzAUDPNYZRKIHHI4TJcvirPLz+AVCwR7/UqhWlM5oLNGCXapEbEfekO6PPw6qjpn/jVcncDXAdNVK/zq2 PncBIlNItBaMqJUmPsp3qaE6kZ5VA0JpmClNAlmcPYhILEoKZ51XDhPjWZyJ0l0vxCu1V2W5GTWKlVHBoyJnqhrp+VSdvZONOz/jRnIs00CLq+aJZxVyduOb0bMQlU85UJCJXM9OrSBZGEauNRozGJYGaMrPrJNaHJi5BnUOTvXg+KvNvzcND3WkGvsIARkcstuN3xTrse7nVsLGfzhd6CccvDODCVAxs9lwCiJjt9D7e6XttaNs1kyv/WxAY9NTXbNjSRRMw3aKuDzWSBh/2u/X6yqsle16s+gwn4SJM4JiLKJyVWjTPGU7ODT3rHwSYuLKL1aDZVPbRdVg9q0208sAvrsW3CjSP/a9R4YO+zNKcUmSeErz+Y3eCidYL9E/w2aJ4N6sd0gB6jJ+gZwqiHztAbdI6GiCKOPqMv6Kvzzfnu/HR+rdH9vVrzCP2znN9/AKXxZaQ=</latexit><latexit sha1_base64="FZvAfMYQ7yWqpl6E3yWEATtTL+g=">AAAELXicdZPLjtMwFIY9Ey5DucwMLNlEVEhIhFHcppdZII3KApYDojOV2mrkOKetVceJbAeoorwEW3gHnoYFEmLLa+CkKSpTYyXS8fH3H5/zSw5TzpT2/R97+86Nm7duH9xp3L13/8Hh0fHDC5VkksKQJjyRo5Ao4EzAUDPNYZRKIHHI4TJcvirPLz+AVCwR7/UqhWlM5oLNGCXapEbEfekO6PPw6qjpn/jVcncDXAdNVK/zq2 PncBIlNItBaMqJUmPsp3qaE6kZ5VA0JpmClNAlmcPYhILEoKZ51XDhPjWZyJ0l0vxCu1V2W5GTWKlVHBoyJnqhrp+VSdvZONOz/jRnIs00CLq+aJZxVyduOb0bMQlU85UJCJXM9OrSBZGEauNRozGJYGaMrPrJNaHJi5BnUOTvXg+KvNvzcND3WkGvsIARkcstuN3xTrse7nVsLGfzhd6CccvDODCVAxs9lwCiJjt9D7e6XttaNs1kyv/WxAY9NTXbNjSRRMw3aKuDzWSBh/2u/X6yqsle16s+gwn4SJM4JiLKJyVWjTPGU7ODT3rHwSYuLKL1aDZVPbRdVg9q0208sAvrsW3CjSP/a9R4YO+zNKcUmSeErz+Y3eCidYL9E/w2aJ4N6sd0gB6jJ+gZwqiHztAbdI6GiCKOPqMv6Kvzzfnu/HR+rdH9vVrzCP2znN9/AKXxZaQ=</latexit>

a = BT c
<latexit sha1_base64="N+fHySzeudcKmh9ktmAemyv4Yoc="></latexit><latexit sha1_base64="N+fHySzeudcKmh9ktmAemyv4Yoc="></latexit><latexit sha1_base64="N+fHySzeudcKmh9ktmAemyv4Yoc="></latexit><latexit sha1_base64="N+fHySzeudcKmh9ktmAemyv4Yoc="></latexit>

a = BT c+ d
<latexit sha1_base64="BoRDqu4jrKwt7G+LOBntMOLNVkg=">AAAEMXicdZPdbtMwFMe9hY9RPrbBJTcRFRISYYrb9GMXSFO5gMuB1m1SWybHOW2tOk5kO0AV5TW4hXfgaXaHuOUlcNIUldVYiXR8/Psfn/OXHKacKe371zu7zq3bd+7u3Wvcf/Dw0f7B4eNzlWSSwpAmPJGXIVHAmYChZprDZSqBxCGHi3Dxpjy/+ARSsUSc6WUKk5jMBJsySrRJjYn72h18zM8K+jK6Omj6R3613O0A10ET1e v06tDZH0cJzWIQmnKi1Aj7qZ7kRGpGORSNcaYgJXRBZjAyoSAxqEleNV24z00mcqeJNL/QbpXdVOQkVmoZh4aMiZ6rm2dl0nY2yvS0P8mZSDMNgq4ummbc1YlbOuBGTALVfGkCQiUzvbp0TiSh2vjUaIwjmBozq35yTWjyKuQZFPmHt4Mi7/Y8HPS9VtArLGBE5GIDbne8466Hex0by9lsrjdg3PIwDkzlwEbPJICoyU7fw62u17aWTTOZ8r81sUGPTc22DU0kEbM12upgM1ngYb9rv58sa7LX9arPYAI+0ySOiYjycYlV44zwxOzgi95ysIkLi2g1mk1VD22X1YPadGsP7MJ6bJtw7cj/GjUe2PsszSlF5gnhmw9mOzhvHWH/CL8PmieD+jHtoafoGXqBMOqhE/QOnaIhoihFX9E39N354Vw7P51fK3R3p9Y8Qf8s5/cfl2BneA==</latexit><latexit sha1_base64="BoRDqu4jrKwt7G+LOBntMOLNVkg=">AAAEMXicdZPdbtMwFMe9hY9RPrbBJTcRFRISYYrb9GMXSFO5gMuB1m1SWybHOW2tOk5kO0AV5TW4hXfgaXaHuOUlcNIUldVYiXR8/Psfn/OXHKacKe371zu7zq3bd+7u3Wvcf/Dw0f7B4eNzlWSSwpAmPJGXIVHAmYChZprDZSqBxCGHi3Dxpjy/+ARSsUSc6WUKk5jMBJsySrRJjYn72h18zM8K+jK6Omj6R3613O0A10ET1e v06tDZH0cJzWIQmnKi1Aj7qZ7kRGpGORSNcaYgJXRBZjAyoSAxqEleNV24z00mcqeJNL/QbpXdVOQkVmoZh4aMiZ6rm2dl0nY2yvS0P8mZSDMNgq4ummbc1YlbOuBGTALVfGkCQiUzvbp0TiSh2vjUaIwjmBozq35yTWjyKuQZFPmHt4Mi7/Y8HPS9VtArLGBE5GIDbne8466Hex0by9lsrjdg3PIwDkzlwEbPJICoyU7fw62u17aWTTOZ8r81sUGPTc22DU0kEbM12upgM1ngYb9rv58sa7LX9arPYAI+0ySOiYjycYlV44zwxOzgi95ysIkLi2g1mk1VD22X1YPadGsP7MJ6bJtw7cj/GjUe2PsszSlF5gnhmw9mOzhvHWH/CL8PmieD+jHtoafoGXqBMOqhE/QOnaIhoihFX9E39N354Vw7P51fK3R3p9Y8Qf8s5/cfl2BneA==</latexit><latexit sha1_base64="BoRDqu4jrKwt7G+LOBntMOLNVkg=">AAAEMXicdZPdbtMwFMe9hY9RPrbBJTcRFRISYYrb9GMXSFO5gMuB1m1SWybHOW2tOk5kO0AV5TW4hXfgaXaHuOUlcNIUldVYiXR8/Psfn/OXHKacKe371zu7zq3bd+7u3Wvcf/Dw0f7B4eNzlWSSwpAmPJGXIVHAmYChZprDZSqBxCGHi3Dxpjy/+ARSsUSc6WUKk5jMBJsySrRJjYn72h18zM8K+jK6Omj6R3613O0A10ET1e v06tDZH0cJzWIQmnKi1Aj7qZ7kRGpGORSNcaYgJXRBZjAyoSAxqEleNV24z00mcqeJNL/QbpXdVOQkVmoZh4aMiZ6rm2dl0nY2yvS0P8mZSDMNgq4ummbc1YlbOuBGTALVfGkCQiUzvbp0TiSh2vjUaIwjmBozq35yTWjyKuQZFPmHt4Mi7/Y8HPS9VtArLGBE5GIDbne8466Hex0by9lsrjdg3PIwDkzlwEbPJICoyU7fw62u17aWTTOZ8r81sUGPTc22DU0kEbM12upgM1ngYb9rv58sa7LX9arPYAI+0ySOiYjycYlV44zwxOzgi95ysIkLi2g1mk1VD22X1YPadGsP7MJ6bJtw7cj/GjUe2PsszSlF5gnhmw9mOzhvHWH/CL8PmieD+jHtoafoGXqBMOqhE/QOnaIhoihFX9E39N354Vw7P51fK3R3p9Y8Qf8s5/cfl2BneA==</latexit><latexit sha1_base64="BoRDqu4jrKwt7G+LOBntMOLNVkg=">AAAEMXicdZPdbtMwFMe9hY9RPrbBJTcRFRISYYrb9GMXSFO5gMuB1m1SWybHOW2tOk5kO0AV5TW4hXfgaXaHuOUlcNIUldVYiXR8/Psfn/OXHKacKe371zu7zq3bd+7u3Wvcf/Dw0f7B4eNzlWSSwpAmPJGXIVHAmYChZprDZSqBxCGHi3Dxpjy/+ARSsUSc6WUKk5jMBJsySrRJjYn72h18zM8K+jK6Omj6R3613O0A10ET1e v06tDZH0cJzWIQmnKi1Aj7qZ7kRGpGORSNcaYgJXRBZjAyoSAxqEleNV24z00mcqeJNL/QbpXdVOQkVmoZh4aMiZ6rm2dl0nY2yvS0P8mZSDMNgq4ummbc1YlbOuBGTALVfGkCQiUzvbp0TiSh2vjUaIwjmBozq35yTWjyKuQZFPmHt4Mi7/Y8HPS9VtArLGBE5GIDbne8466Hex0by9lsrjdg3PIwDkzlwEbPJICoyU7fw62u17aWTTOZ8r81sUGPTc22DU0kEbM12upgM1ngYb9rv58sa7LX9arPYAI+0ySOiYjycYlV44zwxOzgi95ysIkLi2g1mk1VD22X1YPadGsP7MJ6bJtw7cj/GjUe2PsszSlF5gnhmw9mOzhvHWH/CL8PmieD+jHtoafoGXqBMOqhE/QOnaIhoihFX9E39N354Vw7P51fK3R3p9Y8Qf8s5/cfl2BneA==</latexit>

a = ↵Bc+ �a
<latexit sha1_base64="6cPgyhBI++vHw/44jYAB+9BIwIo="></latexit><latexit sha1_base64="6cPgyhBI++vHw/44jYAB+9BIwIo="></latexit><latexit sha1_base64="6cPgyhBI++vHw/44jYAB+9BIwIo="></latexit><latexit sha1_base64="6cPgyhBI++vHw/44jYAB+9BIwIo="></latexit>

A = B
<latexit sha1_base64="XctrPZE6+2R2xFDAt8ZP+Wr2EjY="></latexit><latexit sha1_base64="XctrPZE6+2R2xFDAt8ZP+Wr2EjY="></latexit><latexit sha1_base64="XctrPZE6+2R2xFDAt8ZP+Wr2EjY="></latexit><latexit sha1_base64="XctrPZE6+2R2xFDAt8ZP+Wr2EjY="></latexit>

A = 0
<latexit sha1_base64="fMbuO9ZVPXbFYHQFHbIh0E2tYTY="></latexit><latexit sha1_base64="fMbuO9ZVPXbFYHQFHbIh0E2tYTY="></latexit><latexit sha1_base64="fMbuO9ZVPXbFYHQFHbIh0E2tYTY="></latexit><latexit sha1_base64="fMbuO9ZVPXbFYHQFHbIh0E2tYTY="></latexit>

A = BT
<latexit sha1_base64="++RuxPWVlnPedy0PryCm0wCINtY="></latexit><latexit sha1_base64="++RuxPWVlnPedy0PryCm0wCINtY="></latexit><latexit sha1_base64="++RuxPWVlnPedy0PryCm0wCINtY="></latexit><latexit sha1_base64="++RuxPWVlnPedy0PryCm0wCINtY="></latexit>

A = ↵B
<latexit sha1_base64="RlqPurTaxsumE4pYE8i3oJ+lImY="></latexit><latexit sha1_base64="RlqPurTaxsumE4pYE8i3oJ+lImY="></latexit><latexit sha1_base64="RlqPurTaxsumE4pYE8i3oJ+lImY="></latexit><latexit sha1_base64="RlqPurTaxsumE4pYE8i3oJ+lImY="></latexit>

a = b+ c
<latexit sha1_base64="tHzcnE3YtvfPgRvj7pQ4hiSGp3Q=">AAAELnicdZPdbtMwFMe9BdgoH9vgkhuLCgmJUMVp+rELpGlcwOVAdBtqo8lx3Naq40S2A1RRnoJbeAeeBokLxC2PgZOmqKzGSqTj49//+Jy/5CjjTGnP+7Gz69y4eWtv/3brzt179w8Ojx6cqzSXhI5IylN5GWFFORN0pJnm9DKTFCcRpxfR4mV1fvGBSsVS8U4vMxomeCbYlBGsTeo9hi9gBJ9BcnXY9jpeveB2gJqgDZp1dn XkHEzilOQJFZpwrNQYeZkOCyw1I5yWrUmuaIbJAs/o2IQCJ1SFRd1xCZ+YTAynqTS/0LDObioKnCi1TCJDJljP1fWzKmk7G+d6OgwLJrJcU0FWF01zDnUKq/FhzCQlmi9NgIlkpldI5lhioo1JrdYkplPjZN1PoTFJn0c8p2Xx9tVpWfQHLgqGrh8MSgsYY7nYgLs997jvokHPxnI2m+sNGPkuQoGpHNjomaRUNGRv6CK/73atZbNcZvxvTWTQY1Oza0NTicVsjfo9ZCYLXOT17ffjZUMO+m79GUzQjyRNEiziYlJh9ThjFJod/aS3HGyj0iJajWZTNUPbZc2gNt3aA7uwGdsmXDvyv0aNB/Y+K3MqkXlC6PqD2Q7O/Q7yOuhN0D45bR7TPngEHoOnAIEBOAGvwRkYAQIS8Bl8AV+db85356fza4Xu7jSah+Cf5fz+A8ciZaw=</latexit><latexit sha1_base64="tHzcnE3YtvfPgRvj7pQ4hiSGp3Q=">AAAELnicdZPdbtMwFMe9BdgoH9vgkhuLCgmJUMVp+rELpGlcwOVAdBtqo8lx3Naq40S2A1RRnoJbeAeeBokLxC2PgZOmqKzGSqTj49//+Jy/5CjjTGnP+7Gz69y4eWtv/3brzt179w8Ojx6cqzSXhI5IylN5GWFFORN0pJnm9DKTFCcRpxfR4mV1fvGBSsVS8U4vMxomeCbYlBGsTeo9hi9gBJ9BcnXY9jpeveB2gJqgDZp1dn XkHEzilOQJFZpwrNQYeZkOCyw1I5yWrUmuaIbJAs/o2IQCJ1SFRd1xCZ+YTAynqTS/0LDObioKnCi1TCJDJljP1fWzKmk7G+d6OgwLJrJcU0FWF01zDnUKq/FhzCQlmi9NgIlkpldI5lhioo1JrdYkplPjZN1PoTFJn0c8p2Xx9tVpWfQHLgqGrh8MSgsYY7nYgLs997jvokHPxnI2m+sNGPkuQoGpHNjomaRUNGRv6CK/73atZbNcZvxvTWTQY1Oza0NTicVsjfo9ZCYLXOT17ffjZUMO+m79GUzQjyRNEiziYlJh9ThjFJod/aS3HGyj0iJajWZTNUPbZc2gNt3aA7uwGdsmXDvyv0aNB/Y+K3MqkXlC6PqD2Q7O/Q7yOuhN0D45bR7TPngEHoOnAIEBOAGvwRkYAQIS8Bl8AV+db85356fza4Xu7jSah+Cf5fz+A8ciZaw=</latexit><latexit sha1_base64="tHzcnE3YtvfPgRvj7pQ4hiSGp3Q=">AAAELnicdZPdbtMwFMe9BdgoH9vgkhuLCgmJUMVp+rELpGlcwOVAdBtqo8lx3Naq40S2A1RRnoJbeAeeBokLxC2PgZOmqKzGSqTj49//+Jy/5CjjTGnP+7Gz69y4eWtv/3brzt179w8Ojx6cqzSXhI5IylN5GWFFORN0pJnm9DKTFCcRpxfR4mV1fvGBSsVS8U4vMxomeCbYlBGsTeo9hi9gBJ9BcnXY9jpeveB2gJqgDZp1dn XkHEzilOQJFZpwrNQYeZkOCyw1I5yWrUmuaIbJAs/o2IQCJ1SFRd1xCZ+YTAynqTS/0LDObioKnCi1TCJDJljP1fWzKmk7G+d6OgwLJrJcU0FWF01zDnUKq/FhzCQlmi9NgIlkpldI5lhioo1JrdYkplPjZN1PoTFJn0c8p2Xx9tVpWfQHLgqGrh8MSgsYY7nYgLs997jvokHPxnI2m+sNGPkuQoGpHNjomaRUNGRv6CK/73atZbNcZvxvTWTQY1Oza0NTicVsjfo9ZCYLXOT17ffjZUMO+m79GUzQjyRNEiziYlJh9ThjFJod/aS3HGyj0iJajWZTNUPbZc2gNt3aA7uwGdsmXDvyv0aNB/Y+K3MqkXlC6PqD2Q7O/Q7yOuhN0D45bR7TPngEHoOnAIEBOAGvwRkYAQIS8Bl8AV+db85356fza4Xu7jSah+Cf5fz+A8ciZaw=</latexit><latexit sha1_base64="tHzcnE3YtvfPgRvj7pQ4hiSGp3Q=">AAAELnicdZPdbtMwFMe9BdgoH9vgkhuLCgmJUMVp+rELpGlcwOVAdBtqo8lx3Naq40S2A1RRnoJbeAeeBokLxC2PgZOmqKzGSqTj49//+Jy/5CjjTGnP+7Gz69y4eWtv/3brzt179w8Ojx6cqzSXhI5IylN5GWFFORN0pJnm9DKTFCcRpxfR4mV1fvGBSsVS8U4vMxomeCbYlBGsTeo9hi9gBJ9BcnXY9jpeveB2gJqgDZp1dn XkHEzilOQJFZpwrNQYeZkOCyw1I5yWrUmuaIbJAs/o2IQCJ1SFRd1xCZ+YTAynqTS/0LDObioKnCi1TCJDJljP1fWzKmk7G+d6OgwLJrJcU0FWF01zDnUKq/FhzCQlmi9NgIlkpldI5lhioo1JrdYkplPjZN1PoTFJn0c8p2Xx9tVpWfQHLgqGrh8MSgsYY7nYgLs997jvokHPxnI2m+sNGPkuQoGpHNjomaRUNGRv6CK/73atZbNcZvxvTWTQY1Oza0NTicVsjfo9ZCYLXOT17ffjZUMO+m79GUzQjyRNEiziYlJh9ThjFJod/aS3HGyj0iJajWZTNUPbZc2gNt3aA7uwGdsmXDvyv0aNB/Y+K3MqkXlC6PqD2Q7O/Q7yOuhN0D45bR7TPngEHoOnAIEBOAGvwRkYAQIS8Bl8AV+db85356fza4Xu7jSah+Cf5fz+A8ciZaw=</latexit>

A = B + C
<latexit sha1_base64="of0JSQoHZNHx315XCL4ZYYpm5tk="></latexit><latexit sha1_base64="of0JSQoHZNHx315XCL4ZYYpm5tk="></latexit><latexit sha1_base64="of0JSQoHZNHx315XCL4ZYYpm5tk="></latexit><latexit sha1_base64="of0JSQoHZNHx315XCL4ZYYpm5tk="></latexit>

a = B(c+ d)
<latexit sha1_base64="tL7pvaNWTpB1P9mJIAEGOoS5xio="></latexit><latexit sha1_base64="tL7pvaNWTpB1P9mJIAEGOoS5xio="></latexit><latexit sha1_base64="tL7pvaNWTpB1P9mJIAEGOoS5xio="></latexit><latexit sha1_base64="tL7pvaNWTpB1P9mJIAEGOoS5xio="></latexit>

A = B + C +D
<latexit sha1_base64="lVHbVq4oah4zCVGsiOp0qQq5lwU="></latexit><latexit sha1_base64="lVHbVq4oah4zCVGsiOp0qQq5lwU="></latexit><latexit sha1_base64="lVHbVq4oah4zCVGsiOp0qQq5lwU="></latexit><latexit sha1_base64="lVHbVq4oah4zCVGsiOp0qQq5lwU="></latexit>

A = B � C
<latexit sha1_base64="51Bv6PXmoamaoDhIm3mnbtbeS4I=">AAAEMnicdZPdbtMwFMe9hY9RPrbBJTcWFRIXoYrb9GMXSKO7gMuB6DapjSbHcVurjh0ch62K8hzcwjvwMnCHuOUhcNIUldVYiXR8/Psfn/OXHCacpdrzvu/sOrdu37m7d69x/8HDR/sHh4/PUpkpQkdEcqkuQpxSzgQdaaY5vUgUxXHI6Xm4OCnPzz9RlTIpPuhlQoMYzwSbMoK1SQWv4Ss4hBMZSQ1PLg+aXsurFtwOUB00Qb 1OLw+d/UkkSRZToQnHaTpGXqKDHCvNCKdFY5KlNMFkgWd0bEKBY5oGedV1AZ+bTASnUplfaFhlNxU5jtN0GYeGjLGepzfPyqTtbJzp6SDImUgyTQVZXTTNONQSlhbAiClKNF+aABPFTK+QzLHCRBujGo1JRKfGzaqfXGMiX4Y8o0X+/s2wyHt9F/kDt+33CwsYYbXYgDtd96jnon7XxnI2m+sNGLVdhHxT2bfRM0WpqMnuwEXtntuxlk0ylfC/NZFBj0zNjg2VCovZGm13kZnMd5HXs9+PlzXZ77nVZzBBr4iMYyyifFJi1ThjFJgdvdZbDjZRYRGtRrOp6qHtsnpQm27tgV1Yj20Trh35X6PGA3ufpTmlyDwhdPPBbAdn7RbyWuid3zwe1o9pDzwFz8ALgEAfHIO34BSMAAEfwWfwBXx1vjk/nJ/OrxW6u1NrnoB/lvP7DyxvZ1s=</latexit><latexit sha1_base64="51Bv6PXmoamaoDhIm3mnbtbeS4I=">AAAEMnicdZPdbtMwFMe9hY9RPrbBJTcWFRIXoYrb9GMXSKO7gMuB6DapjSbHcVurjh0ch62K8hzcwjvwMnCHuOUhcNIUldVYiXR8/Psfn/OXHCacpdrzvu/sOrdu37m7d69x/8HDR/sHh4/PUpkpQkdEcqkuQpxSzgQdaaY5vUgUxXHI6Xm4OCnPzz9RlTIpPuhlQoMYzwSbMoK1SQWv4Ss4hBMZSQ1PLg+aXsurFtwOUB00Qb 1OLw+d/UkkSRZToQnHaTpGXqKDHCvNCKdFY5KlNMFkgWd0bEKBY5oGedV1AZ+bTASnUplfaFhlNxU5jtN0GYeGjLGepzfPyqTtbJzp6SDImUgyTQVZXTTNONQSlhbAiClKNF+aABPFTK+QzLHCRBujGo1JRKfGzaqfXGMiX4Y8o0X+/s2wyHt9F/kDt+33CwsYYbXYgDtd96jnon7XxnI2m+sNGLVdhHxT2bfRM0WpqMnuwEXtntuxlk0ylfC/NZFBj0zNjg2VCovZGm13kZnMd5HXs9+PlzXZ77nVZzBBr4iMYyyifFJi1ThjFJgdvdZbDjZRYRGtRrOp6qHtsnpQm27tgV1Yj20Trh35X6PGA3ufpTmlyDwhdPPBbAdn7RbyWuid3zwe1o9pDzwFz8ALgEAfHIO34BSMAAEfwWfwBXx1vjk/nJ/OrxW6u1NrnoB/lvP7DyxvZ1s=</latexit><latexit sha1_base64="51Bv6PXmoamaoDhIm3mnbtbeS4I=">AAAEMnicdZPdbtMwFMe9hY9RPrbBJTcWFRIXoYrb9GMXSKO7gMuB6DapjSbHcVurjh0ch62K8hzcwjvwMnCHuOUhcNIUldVYiXR8/Psfn/OXHCacpdrzvu/sOrdu37m7d69x/8HDR/sHh4/PUpkpQkdEcqkuQpxSzgQdaaY5vUgUxXHI6Xm4OCnPzz9RlTIpPuhlQoMYzwSbMoK1SQWv4Ss4hBMZSQ1PLg+aXsurFtwOUB00Qb 1OLw+d/UkkSRZToQnHaTpGXqKDHCvNCKdFY5KlNMFkgWd0bEKBY5oGedV1AZ+bTASnUplfaFhlNxU5jtN0GYeGjLGepzfPyqTtbJzp6SDImUgyTQVZXTTNONQSlhbAiClKNF+aABPFTK+QzLHCRBujGo1JRKfGzaqfXGMiX4Y8o0X+/s2wyHt9F/kDt+33CwsYYbXYgDtd96jnon7XxnI2m+sNGLVdhHxT2bfRM0WpqMnuwEXtntuxlk0ylfC/NZFBj0zNjg2VCovZGm13kZnMd5HXs9+PlzXZ77nVZzBBr4iMYyyifFJi1ThjFJgdvdZbDjZRYRGtRrOp6qHtsnpQm27tgV1Yj20Trh35X6PGA3ufpTmlyDwhdPPBbAdn7RbyWuid3zwe1o9pDzwFz8ALgEAfHIO34BSMAAEfwWfwBXx1vjk/nJ/OrxW6u1NrnoB/lvP7DyxvZ1s=</latexit><latexit sha1_base64="51Bv6PXmoamaoDhIm3mnbtbeS4I=">AAAEMnicdZPdbtMwFMe9hY9RPrbBJTcWFRIXoYrb9GMXSKO7gMuB6DapjSbHcVurjh0ch62K8hzcwjvwMnCHuOUhcNIUldVYiXR8/Psfn/OXHCacpdrzvu/sOrdu37m7d69x/8HDR/sHh4/PUpkpQkdEcqkuQpxSzgQdaaY5vUgUxXHI6Xm4OCnPzz9RlTIpPuhlQoMYzwSbMoK1SQWv4Ss4hBMZSQ1PLg+aXsurFtwOUB00Qb 1OLw+d/UkkSRZToQnHaTpGXqKDHCvNCKdFY5KlNMFkgWd0bEKBY5oGedV1AZ+bTASnUplfaFhlNxU5jtN0GYeGjLGepzfPyqTtbJzp6SDImUgyTQVZXTTNONQSlhbAiClKNF+aABPFTK+QzLHCRBujGo1JRKfGzaqfXGMiX4Y8o0X+/s2wyHt9F/kDt+33CwsYYbXYgDtd96jnon7XxnI2m+sNGLVdhHxT2bfRM0WpqMnuwEXtntuxlk0ylfC/NZFBj0zNjg2VCovZGm13kZnMd5HXs9+PlzXZ77nVZzBBr4iMYyyifFJi1ThjFJgdvdZbDjZRYRGtRrOp6qHtsnpQm27tgV1Yj20Trh35X6PGA3ufpTmlyDwhdPPBbAdn7RbyWuid3zwe1o9pDzwFz8ALgEAfHIO34BSMAAEfwWfwBXx1vjk/nJ/OrxW6u1NrnoB/lvP7DyxvZ1s=</latexit> a = b� c

<latexit sha1_base64="xC2UQaKMSxRXSjvXYL08jWfhOKE="></latexit><latexit sha1_base64="xC2UQaKMSxRXSjvXYL08jWfhOKE="></latexit><latexit sha1_base64="xC2UQaKMSxRXSjvXYL08jWfhOKE="></latexit><latexit sha1_base64="xC2UQaKMSxRXSjvXYL08jWfhOKE="></latexit>

A = BC
<latexit sha1_base64="bQv20MGXQbCgQg/8DLxZhpyQetw="></latexit><latexit sha1_base64="bQv20MGXQbCgQg/8DLxZhpyQetw="></latexit><latexit sha1_base64="bQv20MGXQbCgQg/8DLxZhpyQetw="></latexit><latexit sha1_base64="bQv20MGXQbCgQg/8DLxZhpyQetw="></latexit>

A = BCd
<latexit sha1_base64="NnKp6k7rsy0OIQg2+HjPSNJZihY="></latexit><latexit sha1_base64="NnKp6k7rsy0OIQg2+HjPSNJZihY="></latexit><latexit sha1_base64="NnKp6k7rsy0OIQg2+HjPSNJZihY="></latexit><latexit sha1_base64="NnKp6k7rsy0OIQg2+HjPSNJZihY="></latexit>

a = BTBc
<latexit sha1_base64="s1O5qPVOOMmGPNW3yKbJHBqgwAw="></latexit><latexit sha1_base64="s1O5qPVOOMmGPNW3yKbJHBqgwAw="></latexit><latexit sha1_base64="s1O5qPVOOMmGPNW3yKbJHBqgwAw="></latexit><latexit sha1_base64="s1O5qPVOOMmGPNW3yKbJHBqgwAw="></latexit>

K = ATCA
<latexit sha1_base64="7E7sr5IryigHL/yso1HnWiX4qgw="></latexit><latexit sha1_base64="7E7sr5IryigHL/yso1HnWiX4qgw="></latexit><latexit sha1_base64="7E7sr5IryigHL/yso1HnWiX4qgw="></latexit><latexit sha1_base64="7E7sr5IryigHL/yso1HnWiX4qgw="></latexit>

Aij =
X

kl

BiklCljDkj

<latexit sha1_base64="72T9XMFrNxN2gPvZZCN5dRpk/6A=">AAAET3icdVPLjtMwFPVMC8yUx3RgycaiQppFqOI2fcwCqcwgwXJAzENqq8hx3NZTx4lsB6ii/AJfwxb+gSVfwg7hZFJUpsZKlJt7z7m+50g3SDhT2nV/7uzW6nfu3tvbb9x/8PDRQfPw8YWKU0noOYl5LK8CrChngp5rpjm9SiTFUcDpZbA8LeqXH6lULBYf9Cqh0wjPBZsxgrVJ+c2jV37GrnP4Ek5UGvnZkufwxKSK76mfcV N6bbLXud9suW23PHA7QFXQAtU58w9rB5MwJmlEhSYcKzVGbqKnGZaaEU7zxiRVNMFkied0bEKBI6qmWSkph89NJoSzWJpXaFhmNxkZjpRaRYFBRlgv1O1akbTVxqmeDacZE0mqqSA3F81SDnUMC39gyCQlmq9MgIlkZlZIFlhioo2LjcYkpDNjdTlPpjGJXwQ8pXn2/s1JnvUHDvKGTscb5BZgiOVyA9ztOcd9Bw16Nixn84XeAKOOg5BnOns29FxSKipkb+igTt/pWtsmqUz4357IQI9Nz64NGkss5mtop4eMMs9Bbt9+P15VyEHfKR8DE/QTiaMIizCbFLBSzhhNzR/9rLccbKHcQrqRZmNVou20SqiNt/bATqxk24hrR/43qPHAPmdhTkEyK4RuL8x2cNFpI7eN3nmt0ahapj3wFDwDRwCBARiBt+AMnAMCvoCv4Bv4XvtR+1X7Xa+guztV8AT8c+r7fwBr4XHl</latexit><latexit sha1_base64="72T9XMFrNxN2gPvZZCN5dRpk/6A=">AAAET3icdVPLjtMwFPVMC8yUx3RgycaiQppFqOI2fcwCqcwgwXJAzENqq8hx3NZTx4lsB6ii/AJfwxb+gSVfwg7hZFJUpsZKlJt7z7m+50g3SDhT2nV/7uzW6nfu3tvbb9x/8PDRQfPw8YWKU0noOYl5LK8CrChngp5rpjm9SiTFUcDpZbA8LeqXH6lULBYf9Cqh0wjPBZsxgrVJ+c2jV37GrnP4Ek5UGvnZkufwxKSK76mfcV N6bbLXud9suW23PHA7QFXQAtU58w9rB5MwJmlEhSYcKzVGbqKnGZaaEU7zxiRVNMFkied0bEKBI6qmWSkph89NJoSzWJpXaFhmNxkZjpRaRYFBRlgv1O1akbTVxqmeDacZE0mqqSA3F81SDnUMC39gyCQlmq9MgIlkZlZIFlhioo2LjcYkpDNjdTlPpjGJXwQ8pXn2/s1JnvUHDvKGTscb5BZgiOVyA9ztOcd9Bw16Nixn84XeAKOOg5BnOns29FxSKipkb+igTt/pWtsmqUz4357IQI9Nz64NGkss5mtop4eMMs9Bbt9+P15VyEHfKR8DE/QTiaMIizCbFLBSzhhNzR/9rLccbKHcQrqRZmNVou20SqiNt/bATqxk24hrR/43qPHAPmdhTkEyK4RuL8x2cNFpI7eN3nmt0ahapj3wFDwDRwCBARiBt+AMnAMCvoCv4Bv4XvtR+1X7Xa+guztV8AT8c+r7fwBr4XHl</latexit><latexit sha1_base64="72T9XMFrNxN2gPvZZCN5dRpk/6A=">AAAET3icdVPLjtMwFPVMC8yUx3RgycaiQppFqOI2fcwCqcwgwXJAzENqq8hx3NZTx4lsB6ii/AJfwxb+gSVfwg7hZFJUpsZKlJt7z7m+50g3SDhT2nV/7uzW6nfu3tvbb9x/8PDRQfPw8YWKU0noOYl5LK8CrChngp5rpjm9SiTFUcDpZbA8LeqXH6lULBYf9Cqh0wjPBZsxgrVJ+c2jV37GrnP4Ek5UGvnZkufwxKSK76mfcV N6bbLXud9suW23PHA7QFXQAtU58w9rB5MwJmlEhSYcKzVGbqKnGZaaEU7zxiRVNMFkied0bEKBI6qmWSkph89NJoSzWJpXaFhmNxkZjpRaRYFBRlgv1O1akbTVxqmeDacZE0mqqSA3F81SDnUMC39gyCQlmq9MgIlkZlZIFlhioo2LjcYkpDNjdTlPpjGJXwQ8pXn2/s1JnvUHDvKGTscb5BZgiOVyA9ztOcd9Bw16Nixn84XeAKOOg5BnOns29FxSKipkb+igTt/pWtsmqUz4357IQI9Nz64NGkss5mtop4eMMs9Bbt9+P15VyEHfKR8DE/QTiaMIizCbFLBSzhhNzR/9rLccbKHcQrqRZmNVou20SqiNt/bATqxk24hrR/43qPHAPmdhTkEyK4RuL8x2cNFpI7eN3nmt0ahapj3wFDwDRwCBARiBt+AMnAMCvoCv4Bv4XvtR+1X7Xa+guztV8AT8c+r7fwBr4XHl</latexit><latexit sha1_base64="72T9XMFrNxN2gPvZZCN5dRpk/6A=">AAAET3icdVPLjtMwFPVMC8yUx3RgycaiQppFqOI2fcwCqcwgwXJAzENqq8hx3NZTx4lsB6ii/AJfwxb+gSVfwg7hZFJUpsZKlJt7z7m+50g3SDhT2nV/7uzW6nfu3tvbb9x/8PDRQfPw8YWKU0noOYl5LK8CrChngp5rpjm9SiTFUcDpZbA8LeqXH6lULBYf9Cqh0wjPBZsxgrVJ+c2jV37GrnP4Ek5UGvnZkufwxKSK76mfcV N6bbLXud9suW23PHA7QFXQAtU58w9rB5MwJmlEhSYcKzVGbqKnGZaaEU7zxiRVNMFkied0bEKBI6qmWSkph89NJoSzWJpXaFhmNxkZjpRaRYFBRlgv1O1akbTVxqmeDacZE0mqqSA3F81SDnUMC39gyCQlmq9MgIlkZlZIFlhioo2LjcYkpDNjdTlPpjGJXwQ8pXn2/s1JnvUHDvKGTscb5BZgiOVyA9ztOcd9Bw16Nixn84XeAKOOg5BnOns29FxSKipkb+igTt/pWtsmqUz4357IQI9Nz64NGkss5mtop4eMMs9Bbt9+P15VyEHfKR8DE/QTiaMIizCbFLBSzhhNzR/9rLccbKHcQrqRZmNVou20SqiNt/bATqxk24hrR/43qPHAPmdhTkEyK4RuL8x2cNFpI7eN3nmt0ahapj3wFDwDRwCBARiBt+AMnAMCvoCv4Bv4XvtR+1X7Xa+guztV8AT8c+r7fwBr4XHl</latexit>

Aij =
X

k

Bijkck
<latexit sha1_base64="Q3YBPqW+DP//T2mZKwBLrcHSVLU="></latexit><latexit sha1_base64="Q3YBPqW+DP//T2mZKwBLrcHSVLU="></latexit><latexit sha1_base64="Q3YBPqW+DP//T2mZKwBLrcHSVLU="></latexit><latexit sha1_base64="Q3YBPqW+DP//T2mZKwBLrcHSVLU="></latexit>

Aijk =
X

l

BiklClj

<latexit sha1_base64="Jg7tMfPL9V85FVq353d9N6wVV1k=">AAAESHicdZNNb9MwGMe9ZrBRXtbBkUugQuIQqrhNX3ZAKtsBjgPRbVJbVY7jtF4dJ7IdoIpy5tNwhe/AN+BbcEPccNIUldVYifLk8e//+Hn+kv2EUalc98dezdq/dfvg8E797r37D44axw8vZJwKTEY4ZrG48pEkjHIyUlQxcpUIgiKfkUt/eVbsX34gQtKYv1erhEwjNOc0pBgpnZo1nryaZfR6mdsv7YlMo1nGcvtUp5b6e6 b/rvNZo+m23HLZuwGsgiao1vns2DqaBDFOI8IVZkjKMXQTNc2QUBQzktcnqSQJwks0J2MdchQROc3KWXL7mc4EdhgL/XJll9ltRYYiKVeRr8kIqYW8uVckTXvjVIWDaUZ5kirC8fqgMGW2iu3CGDuggmDFVjpAWFDdq40XSCCstH31+iQgofa47CdTCMcvfJaSPHv3+jTPen0HegOn7fVzAxggsdyCO13npOfAftfEMjpfqC0Yth0IPV3ZM9FzQQivyO7Age2e0zGWTVKRsL81oUZPdM2OCY0F4vMN2u5CPZnnQLdnPh+tKrLfc8pHY5x8xHEUIR5kkwIrxxnDqf4jn9SOg02YG0Tr0UyqamizrBrUpNt4YBZWY5uEG0f+16j2wNxnYU4h0lcI3rwwu8FFuwXdFnzrNYfD6jIdgsfgKXgOIOiDIXgDzsEIYPAZfAFfwTfru/XT+mX9XqO1vUrzCPyz9mt/AHqBcA4=</latexit><latexit sha1_base64="Jg7tMfPL9V85FVq353d9N6wVV1k=">AAAESHicdZNNb9MwGMe9ZrBRXtbBkUugQuIQqrhNX3ZAKtsBjgPRbVJbVY7jtF4dJ7IdoIpy5tNwhe/AN+BbcEPccNIUldVYifLk8e//+Hn+kv2EUalc98dezdq/dfvg8E797r37D44axw8vZJwKTEY4ZrG48pEkjHIyUlQxcpUIgiKfkUt/eVbsX34gQtKYv1erhEwjNOc0pBgpnZo1nryaZfR6mdsv7YlMo1nGcvtUp5b6e6 b/rvNZo+m23HLZuwGsgiao1vns2DqaBDFOI8IVZkjKMXQTNc2QUBQzktcnqSQJwks0J2MdchQROc3KWXL7mc4EdhgL/XJll9ltRYYiKVeRr8kIqYW8uVckTXvjVIWDaUZ5kirC8fqgMGW2iu3CGDuggmDFVjpAWFDdq40XSCCstH31+iQgofa47CdTCMcvfJaSPHv3+jTPen0HegOn7fVzAxggsdyCO13npOfAftfEMjpfqC0Yth0IPV3ZM9FzQQivyO7Age2e0zGWTVKRsL81oUZPdM2OCY0F4vMN2u5CPZnnQLdnPh+tKrLfc8pHY5x8xHEUIR5kkwIrxxnDqf4jn9SOg02YG0Tr0UyqamizrBrUpNt4YBZWY5uEG0f+16j2wNxnYU4h0lcI3rwwu8FFuwXdFnzrNYfD6jIdgsfgKXgOIOiDIXgDzsEIYPAZfAFfwTfru/XT+mX9XqO1vUrzCPyz9mt/AHqBcA4=</latexit><latexit sha1_base64="Jg7tMfPL9V85FVq353d9N6wVV1k=">AAAESHicdZNNb9MwGMe9ZrBRXtbBkUugQuIQqrhNX3ZAKtsBjgPRbVJbVY7jtF4dJ7IdoIpy5tNwhe/AN+BbcEPccNIUldVYifLk8e//+Hn+kv2EUalc98dezdq/dfvg8E797r37D44axw8vZJwKTEY4ZrG48pEkjHIyUlQxcpUIgiKfkUt/eVbsX34gQtKYv1erhEwjNOc0pBgpnZo1nryaZfR6mdsv7YlMo1nGcvtUp5b6e6 b/rvNZo+m23HLZuwGsgiao1vns2DqaBDFOI8IVZkjKMXQTNc2QUBQzktcnqSQJwks0J2MdchQROc3KWXL7mc4EdhgL/XJll9ltRYYiKVeRr8kIqYW8uVckTXvjVIWDaUZ5kirC8fqgMGW2iu3CGDuggmDFVjpAWFDdq40XSCCstH31+iQgofa47CdTCMcvfJaSPHv3+jTPen0HegOn7fVzAxggsdyCO13npOfAftfEMjpfqC0Yth0IPV3ZM9FzQQivyO7Age2e0zGWTVKRsL81oUZPdM2OCY0F4vMN2u5CPZnnQLdnPh+tKrLfc8pHY5x8xHEUIR5kkwIrxxnDqf4jn9SOg02YG0Tr0UyqamizrBrUpNt4YBZWY5uEG0f+16j2wNxnYU4h0lcI3rwwu8FFuwXdFnzrNYfD6jIdgsfgKXgOIOiDIXgDzsEIYPAZfAFfwTfru/XT+mX9XqO1vUrzCPyz9mt/AHqBcA4=</latexit><latexit sha1_base64="Jg7tMfPL9V85FVq353d9N6wVV1k=">AAAESHicdZNNb9MwGMe9ZrBRXtbBkUugQuIQqrhNX3ZAKtsBjgPRbVJbVY7jtF4dJ7IdoIpy5tNwhe/AN+BbcEPccNIUldVYifLk8e//+Hn+kv2EUalc98dezdq/dfvg8E797r37D44axw8vZJwKTEY4ZrG48pEkjHIyUlQxcpUIgiKfkUt/eVbsX34gQtKYv1erhEwjNOc0pBgpnZo1nryaZfR6mdsv7YlMo1nGcvtUp5b6e6 b/rvNZo+m23HLZuwGsgiao1vns2DqaBDFOI8IVZkjKMXQTNc2QUBQzktcnqSQJwks0J2MdchQROc3KWXL7mc4EdhgL/XJll9ltRYYiKVeRr8kIqYW8uVckTXvjVIWDaUZ5kirC8fqgMGW2iu3CGDuggmDFVjpAWFDdq40XSCCstH31+iQgofa47CdTCMcvfJaSPHv3+jTPen0HegOn7fVzAxggsdyCO13npOfAftfEMjpfqC0Yth0IPV3ZM9FzQQivyO7Age2e0zGWTVKRsL81oUZPdM2OCY0F4vMN2u5CPZnnQLdnPh+tKrLfc8pHY5x8xHEUIR5kkwIrxxnDqf4jn9SOg02YG0Tr0UyqamizrBrUpNt4YBZWY5uEG0f+16j2wNxnYU4h0lcI3rwwu8FFuwXdFnzrNYfD6jIdgsfgKXgOIOiDIXgDzsEIYPAZfAFfwTfru/XT+mX9XqO1vUrzCPyz9mt/AHqBcA4=</latexit>

Akj =
X

il

BiklCljDij

<latexit sha1_base64="e1SJTw0fT/4v00mBhJv1CnYdiqo="></latexit><latexit sha1_base64="e1SJTw0fT/4v00mBhJv1CnYdiqo="></latexit><latexit sha1_base64="e1SJTw0fT/4v00mBhJv1CnYdiqo="></latexit><latexit sha1_base64="e1SJTw0fT/4v00mBhJv1CnYdiqo="></latexit>

Aik =
X

j

Bijkcj
<latexit sha1_base64="eahwPN00mggU43aE+RQ9sbc2T/E="></latexit><latexit sha1_base64="eahwPN00mggU43aE+RQ9sbc2T/E="></latexit><latexit sha1_base64="eahwPN00mggU43aE+RQ9sbc2T/E="></latexit><latexit sha1_base64="eahwPN00mggU43aE+RQ9sbc2T/E="></latexit>

Ajk =
X

i

Bijkci
<latexit sha1_base64="oObTlZL5pEjpbyoFGpBeEXIgOew=">AAAERHicdZPLjtMwFIY9Ey5DuUwHlggpokJiEaq4TS+zQCrDApYDojMjtVXkOE7rqeNEtgNUUVY8DVt4B96Bd2CH2CKcNEVlaqwkOjn+/uNzfslByqhUrvt9b9+6dv3GzYNbjdt37t47bB7dP5NJJjAZ44Ql4iJAkjDKyVhRxchFKgiKA0bOg+XLcv/8PRGSJvydWqVkFqM5pxHFSOmU33z0ws8vl4X93J7KLPZzWtgn+lumsE /9Zsttu9WydwNYBy1Qr1P/yDqchgnOYsIVZkjKCXRTNcuRUBQzUjSmmSQpwks0JxMdchQTOcurOQr7ic6EdpQI/XJlV9ltRY5iKVdxoMkYqYW8ulcmTXuTTEXDWU55minC8fqgKGO2SuzSFDukgmDFVjpAWFDdq40XSCCstHWNxjQkkfa36idXCCfPApaRIn/76qTI+wMHekOn4w0KAxgisdyCuz3nuO/AQc/EMjpfqC0YdhwIPV3ZM9FzQQivyd7QgZ2+0zWWTTORsr81oUaPdc2uCU0E4vMN2ulBPZnnQLdvPh+tanLQd6pHY5x8wEkcIx7m0xKrxpnAmf4jH9WOgy1YGETr0UyqemizrB7UpNt4YBbWY5uEG0f+16j2wNxnaU4p0lcIXr0wu8FZpw3dNnzjtUaj+jIdgIfgMXgKIBiAEXgNTsEYYPAJfAZfwFfrm/XD+mn9WqP7e7XmAfhnWb//AEyQbzI=</latexit><latexit sha1_base64="oObTlZL5pEjpbyoFGpBeEXIgOew=">AAAERHicdZPLjtMwFIY9Ey5DuUwHlggpokJiEaq4TS+zQCrDApYDojMjtVXkOE7rqeNEtgNUUVY8DVt4B96Bd2CH2CKcNEVlaqwkOjn+/uNzfslByqhUrvt9b9+6dv3GzYNbjdt37t47bB7dP5NJJjAZ44Ql4iJAkjDKyVhRxchFKgiKA0bOg+XLcv/8PRGSJvydWqVkFqM5pxHFSOmU33z0ws8vl4X93J7KLPZzWtgn+lumsE /9Zsttu9WydwNYBy1Qr1P/yDqchgnOYsIVZkjKCXRTNcuRUBQzUjSmmSQpwks0JxMdchQTOcurOQr7ic6EdpQI/XJlV9ltRY5iKVdxoMkYqYW8ulcmTXuTTEXDWU55minC8fqgKGO2SuzSFDukgmDFVjpAWFDdq40XSCCstHWNxjQkkfa36idXCCfPApaRIn/76qTI+wMHekOn4w0KAxgisdyCuz3nuO/AQc/EMjpfqC0YdhwIPV3ZM9FzQQivyd7QgZ2+0zWWTTORsr81oUaPdc2uCU0E4vMN2ulBPZnnQLdvPh+tanLQd6pHY5x8wEkcIx7m0xKrxpnAmf4jH9WOgy1YGETr0UyqemizrB7UpNt4YBbWY5uEG0f+16j2wNxnaU4p0lcIXr0wu8FZpw3dNnzjtUaj+jIdgIfgMXgKIBiAEXgNTsEYYPAJfAZfwFfrm/XD+mn9WqP7e7XmAfhnWb//AEyQbzI=</latexit><latexit sha1_base64="oObTlZL5pEjpbyoFGpBeEXIgOew=">AAAERHicdZPLjtMwFIY9Ey5DuUwHlggpokJiEaq4TS+zQCrDApYDojMjtVXkOE7rqeNEtgNUUVY8DVt4B96Bd2CH2CKcNEVlaqwkOjn+/uNzfslByqhUrvt9b9+6dv3GzYNbjdt37t47bB7dP5NJJjAZ44Ql4iJAkjDKyVhRxchFKgiKA0bOg+XLcv/8PRGSJvydWqVkFqM5pxHFSOmU33z0ws8vl4X93J7KLPZzWtgn+lumsE /9Zsttu9WydwNYBy1Qr1P/yDqchgnOYsIVZkjKCXRTNcuRUBQzUjSmmSQpwks0JxMdchQTOcurOQr7ic6EdpQI/XJlV9ltRY5iKVdxoMkYqYW8ulcmTXuTTEXDWU55minC8fqgKGO2SuzSFDukgmDFVjpAWFDdq40XSCCstHWNxjQkkfa36idXCCfPApaRIn/76qTI+wMHekOn4w0KAxgisdyCuz3nuO/AQc/EMjpfqC0YdhwIPV3ZM9FzQQivyd7QgZ2+0zWWTTORsr81oUaPdc2uCU0E4vMN2ulBPZnnQLdvPh+tanLQd6pHY5x8wEkcIx7m0xKrxpnAmf4jH9WOgy1YGETr0UyqemizrB7UpNt4YBbWY5uEG0f+16j2wNxnaU4p0lcIXr0wu8FZpw3dNnzjtUaj+jIdgIfgMXgKIBiAEXgNTsEYYPAJfAZfwFfrm/XD+mn9WqP7e7XmAfhnWb//AEyQbzI=</latexit><latexit sha1_base64="oObTlZL5pEjpbyoFGpBeEXIgOew=">AAAERHicdZPLjtMwFIY9Ey5DuUwHlggpokJiEaq4TS+zQCrDApYDojMjtVXkOE7rqeNEtgNUUVY8DVt4B96Bd2CH2CKcNEVlaqwkOjn+/uNzfslByqhUrvt9b9+6dv3GzYNbjdt37t47bB7dP5NJJjAZ44Ql4iJAkjDKyVhRxchFKgiKA0bOg+XLcv/8PRGSJvydWqVkFqM5pxHFSOmU33z0ws8vl4X93J7KLPZzWtgn+lumsE /9Zsttu9WydwNYBy1Qr1P/yDqchgnOYsIVZkjKCXRTNcuRUBQzUjSmmSQpwks0JxMdchQTOcurOQr7ic6EdpQI/XJlV9ltRY5iKVdxoMkYqYW8ulcmTXuTTEXDWU55minC8fqgKGO2SuzSFDukgmDFVjpAWFDdq40XSCCstHWNxjQkkfa36idXCCfPApaRIn/76qTI+wMHekOn4w0KAxgisdyCuz3nuO/AQc/EMjpfqC0YdhwIPV3ZM9FzQQivyd7QgZ2+0zWWTTORsr81oUaPdc2uCU0E4vMN2ulBPZnnQLdvPh+tanLQd6pHY5x8wEkcIx7m0xKrxpnAmf4jH9WOgy1YGETr0UyqemizrB7UpNt4YBbWY5uEG0f+16j2wNxnaU4p0lcIXr0wu8FZpw3dNnzjtUaj+jIdgIfgMXgKIBiAEXgNTsEYYPAJfAZfwFfrm/XD+mn9WqP7e7XmAfhnWb//AEyQbzI=</latexit>

Aijl =
X

k

BiklCkj

<latexit sha1_base64="9+4Bsvf1L5RyRH+Ggtn/T6gxidA="></latexit><latexit sha1_base64="9+4Bsvf1L5RyRH+Ggtn/T6gxidA="></latexit><latexit sha1_base64="9+4Bsvf1L5RyRH+Ggtn/T6gxidA="></latexit><latexit sha1_base64="9+4Bsvf1L5RyRH+Ggtn/T6gxidA="></latexit>

⌧ =
X

i

zi(
X

j

zj✓ij)(
X

k

zk✓ik)

<latexit sha1_base64="th79iZGJTdJf8PQ5vnhoFNfiiGI="></latexit><latexit sha1_base64="th79iZGJTdJf8PQ5vnhoFNfiiGI="></latexit><latexit sha1_base64="th79iZGJTdJf8PQ5vnhoFNfiiGI="></latexit><latexit sha1_base64="th79iZGJTdJf8PQ5vnhoFNfiiGI="></latexit>

C =
X

ijkl

MijPjkMlk Pil

<latexit sha1_base64="2lGj66gcg0p0YQ6h0/7Wlo1R8BM=">AAAEa3icdZPdbtMwFMe9tbBRPtaxO+DCoprERZjiNv3YBVLFkOAGqSC6TWqqynHc1ovzIdsBqigvxNNwO96Bd8BJU1RWYyXS8fHvf3zOX7KXcCaVbd/u7dfq9+4fHD5oPHz0+MlR8/jppYxTQeiYxDwW1x6WlLOIjhVTnF4nguLQ4/TKCy6K86uvVEgWR1/UKqHTEC8iNmcEK52aNd9dwDfQlWk4y9hNwHP4sQhyOJplN0EO3V </latexit><latexit sha1_base64="2lGj66gcg0p0YQ6h0/7Wlo1R8BM=">AAAEa3icdZPdbtMwFMe9tbBRPtaxO+DCoprERZjiNv3YBVLFkOAGqSC6TWqqynHc1ovzIdsBqigvxNNwO96Bd8BJU1RWYyXS8fHvf3zOX7KXcCaVbd/u7dfq9+4fHD5oPHz0+MlR8/jppYxTQeiYxDwW1x6WlLOIjhVTnF4nguLQ4/TKCy6K86uvVEgWR1/UKqHTEC8iNmcEK52aNd9dwDfQlWk4y9hNwHP4sQhyOJplN0EO3V </latexit><latexit sha1_base64="2lGj66gcg0p0YQ6h0/7Wlo1R8BM=">AAAEa3icdZPdbtMwFMe9tbBRPtaxO+DCoprERZjiNv3YBVLFkOAGqSC6TWqqynHc1ovzIdsBqigvxNNwO96Bd8BJU1RWYyXS8fHvf3zOX7KXcCaVbd/u7dfq9+4fHD5oPHz0+MlR8/jppYxTQeiYxDwW1x6WlLOIjhVTnF4nguLQ4/TKCy6K86uvVEgWR1/UKqHTEC8iNmcEK52aNd9dwDfQlWk4y9hNwHP4sQhyOJplN0EO3V </latexit><latexit sha1_base64="2lGj66gcg0p0YQ6h0/7Wlo1R8BM=">AAAEa3icdZPdbtMwFMe9tbBRPtaxO+DCoprERZjiNv3YBVLFkOAGqSC6TWqqynHc1ovzIdsBqigvxNNwO96Bd8BJU1RWYyXS8fHvf3zOX7KXcCaVbd/u7dfq9+4fHD5oPHz0+MlR8/jppYxTQeiYxDwW1x6WlLOIjhVTnF4nguLQ4/TKCy6K86uvVEgWR1/UKqHTEC8iNmcEK52aNd9dwDfQlWk4y9hNwHP4sQhyOJplN0EO3V </latexit>

a =
X

ijklmnop

MijPjkMklPlmMnmPnoMpo Pip

<latexit sha1_base64="2uUwWQztKE/bN1y87STC5ZKKNG4="></latexit><latexit sha1_base64="2uUwWQztKE/bN1y87STC5ZKKNG4="></latexit><latexit sha1_base64="2uUwWQztKE/bN1y87STC5ZKKNG4="></latexit><latexit sha1_base64="2uUwWQztKE/bN1y87STC5ZKKNG4="></latexit>

2412x

24835x

59496x

73405x

22400x

SpMV

SDDMM

MTTKRP 84x

319x

76x

rma10

cop20k

scircuit

mac-econ

pwtk

taco
MKL
OSKI
Eigen
UBLAS
Gmm++

Normalized time

a = Bc+ a
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

A = B � (CD)
<latexit sha1_base64="LHrpD/KZlhDGtuchs56sqm8Ns2w="></latexit><latexit sha1_base64="LHrpD/KZlhDGtuchs56sqm8Ns2w="></latexit><latexit sha1_base64="LHrpD/KZlhDGtuchs56sqm8Ns2w="></latexit><latexit sha1_base64="LHrpD/KZlhDGtuchs56sqm8Ns2w="></latexit>

a = Bc
<latexit sha1_base64="qnhPAj9piO+ZbSmC2nFEaRfau9U="></latexit><latexit sha1_base64="qnhPAj9piO+ZbSmC2nFEaRfau9U="></latexit><latexit sha1_base64="qnhPAj9piO+ZbSmC2nFEaRfau9U="></latexit><latexit sha1_base64="qnhPAj9piO+ZbSmC2nFEaRfau9U="></latexit>

Aij =
X

kl

BiklCljDkj

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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Generated Sparse Code Performance Matches Hand-Optimized Libraries

rma10

cop20k

scircuit

mac-econ

pwtk

2412x

24835x

59496x

73405x

22400x

Normalized time

1

2

3

4

5

6

7

8

1 2 3 4 5 6 7 8

B

⇥
1

2

3

4

5

6

7

8

1 2 3 4 5 6 7 8

C D

Element-wise multiplication 64 inner product64 inner product
10 inner product

�
<latexit sha1_base64="yODd/Wr5FaINj+HDGyvlRaqBCnQ="></latexit><latexit sha1_base64="yODd/Wr5FaINj+HDGyvlRaqBCnQ="></latexit><latexit sha1_base64="yODd/Wr5FaINj+HDGyvlRaqBCnQ="></latexit><latexit sha1_base64="yODd/Wr5FaINj+HDGyvlRaqBCnQ="></latexit>

This dot product need not be computed
Sampled Dense-Dense Matrix Multiplication 

We will generate fused operations
A = B � (CD)

<latexit sha1_base64="LHrpD/KZlhDGtuchs56sqm8Ns2w="></latexit><latexit sha1_base64="LHrpD/KZlhDGtuchs56sqm8Ns2w="></latexit><latexit sha1_base64="LHrpD/KZlhDGtuchs56sqm8Ns2w="></latexit><latexit sha1_base64="LHrpD/KZlhDGtuchs56sqm8Ns2w="></latexit>

SDDMM



Challenges Of Sparse Array Compilation
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0
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Challenges Of Sparse Array Compilation

CSF
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Compressed
Compressed

Format 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locate(1,2) = 1*4 + 2 

F
C D E

A B

17

0 1 2 3 4 5 6 7 8 9 10 11

0 1 2 3

0

1

2 F

C D E
= 6

Dense Tensors Are Flexible But Can Waste Memory

A B



Compressed Sparse Rows (CSR)

18

A B C D E F
0 1 2 3 4 5 6 7 8 9 10 11

row(3) = ???

col(3) = ???

0 1 2 3 4 5

Sparse Tensors Can Be Compressed By Adding Metadata

F
C D E

A B
0 1 2 3

0

1

2

0 2 5 60 0 1 1 1 2

0 2 1 2 3 3

rows

cols

pos

Coordinate
0 1 2 3

Duplicates



Column

Coordinates

Row 
Coordinates

Singleton

Compressed

Slice

CoordinatesDense

19

J

G
H

3210

0

1

1

0

2

B C

A

F

E

D

0 3 5 9

3

0 1 1 0 1 0 0 1 1

0 0 2 3 1 1 3 0 3

A B C D E F G H J
0 1 2 3 4 5 6 7 8

We Model Tensor Formats As A Hierarchy Of Per-Dimension Formats
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A B C D E F

Dense Compressed Singleton

A B

0 1 2 3

0

1

2 F

C D E

3

0 2 2 3 31
0 2 5 6

Dense Compressed

Per-Dimension Formats Can Be Composed In Many Ways

CSR{
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A B C D E F

0 2 2 3 31

Dense Compressed Singleton

0 0 1 1 21
0 6

A B

0 1 2 3

0

1

2 F

C D E

Compressed Singleton

Per-Dimension Formats Can Be Composed In Many Ways

Coordinates{



Tensor 
formats

Level 
formats

22

Hashed Range Offset

Coordinate matrix
Compressed

Singleton

CSR
Dense

Compressed

Coordinate tensor
Compressed

Singleton

Singleton

BCSR
Dense

Compressed

Dense

Dense

DIA
Dense
Range
Offset

Block DIA
Dense
Range
Offset
Dense
Dense

Hash map vector
Hashed

Dense Compressed Singleton

ELLPACK
Dense

Dense

Singleton

Mode-generic tensor
Compressed

Singleton

Dense

Dense

[Baskaran et al. 2012]

Hash map matrix
Hashed
Hashed

CSB
Dense

Dense

Compressed

Singleton [Kincaid et al. 1989]
[Buluç et al. 2009]

[Tinney and Walker, 1967]

[Im and Yelick 1998]

[Saad 2003]

[Patwary et al. 2015]

Dense array tensor
Dense
Dense
Dense

Level Formats Can Be Composed In Many Ways
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Sparsity Beyond Zero Fill Values

1 1 1 0 0 0 5 5

6 6 6 6 1 1 1 1

3 3 3 0 0 0 0 0

1 1 1 8 8 8 2 2

0

1

2

3

0 1 2 3 4 5 6 7



24

Sparsity Beyond Zero Fill Values

1 1 1 0 0 0 5 5

6 6 6 6 1 1 1 1

3 3 3 0 0 0 0 0

1 1 1 8 8 8 2 2

0

1

2

3

0 1 2 3 4 5 6 7

pos

coord

vals

Compressed Level Format
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Sparsity Beyond Zero Fill Values

1 1 1 0 0 0 5 5

6 6 6 6 1 1 1 1

3 3 3 0 0 0 0 0

1 1 1 8 8 8 2 2

0

1

2

3

0 1 2 3 4 5 6 7

pos

coord

vals

pos

coord

vals

Fill 1

Compressed Level Format

Compressed Level Format with a Fill Value
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Sparsity Beyond Zero Fill Values

1 1 1 0 0 0 5 5

6 6 6 6 1 1 1 1

3 3 3 0 0 0 0 0

1 1 1 8 8 8 2 2

0

1

2

3

0 1 2 3 4 5 6 7

pos

coord

vals

pos

coord

vals

pos

coord

vals

Fill 1

Compressed Level Format

Compressed Level Format with a Fill Value

Run Length Encoding (RLE) Level Format Unifying Sparsity 
and Lossless 
Compression

• Extension of the Compressed Format 
• Last value is the Fill Value
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Performance Advantage In Lossless Compression

Alpha Blending 
of Two Videos

Edge Detection 
of MRI Image
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Dynamic Sparse Tensors
• All formats so far (CSR, COO, DIA, ELLPACK, RLE etc.) are static  

• Computing on them can be very fast 
• But…inserting or deleting an element can be (asymptotically) slow 

• Many real world Applications are dynamic

Dynamic Graph Processing Sparse Neural Network Training 
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Dynamic Sparse Tensors
• Need pointer-based, recursive data structures  
• Novel Node Schema Language 

• Automatically generate the data structures 
• Automatically Generate the code for iteration

A B C

D E

F G H J

K L M N

0 1 2 3 4 5

0

1

2

3

4

5

0

1

2

3

4

5

0: A 1: B 2: C

1: D 2: E

4: J0: F 1: G 3: H

0: K 2: L 4: M 5: N

6N:

Linked List

0

1

2

3

4

5

0: A 1: B 2: C

1: D 2: E

0: F 1: G 3: H

0: K 2: L 4: M

4: J

5: N

N: 6

Block Linked List

0

1

2

3

4

5

0: A 2: C 1: B

1: D 2: E

0: F 1: G 4: J

2: L 0: K 5: N

3: H

4: M

6N:

Variable Block Linked List

1: B

0

1: D

2

1: G

4: J

3

4: M

50: F

3: H

0: A 2: E

2: C

0: K 2: L

5: N

C-Tree

0 1 2 3 4 5

3: H 4: M0: A 1: B 2: C 1: D 2: E

0: F 1: G 4: J 0: K 2: L 5: N

6N:

B-Tree
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0 0 1

0 2
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Compressed Storge Formats

30 40 50 7010 80 20 60

0 3 5 8

0 1 3

No O(1) random access

locate(2, 0, 2)

k

i

j

0 2
Compressed

Compressed

Compressed

Values



20 600 80
70 010 0

0 00
40 500

0 00 0
0 00 0

0
30

j

i

20 6080
7010

40 5030

ckBijk*

31
31

31
31

31
31

60
21010

12030

60 00 0
210 010 0

0 00 0
0 00 0

0 00 0
120 030 0
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Sparse Iteration Spaces And Iteration Graphs
Aij

X

k

Bijk ⇤ ck=

Bijk ck

i
j

k
3 01 0 3 01 0
3 01 0
3 01 0
3 01 0
3 01 0

*

i
j

k
3 01 0
3 01 0

3 01 0
3 01 0

3 01 0
3 01 0

i
j

k

i
j

k
∩B3 c1

k

B1

B2

k
c1

A1

A2

Intersection

DenseSparse



B3

j
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k

B1

B2

*

A1

A2

i

Sparse Iteration Graph Examples
aik =

X

j

X

l

Bijkl cjl

Aij

X

k

= Bij( )CikDkj Aijl =
X

k

BijkClk Aij

X

k

X

l

BiklCkjDlj=

ai =
X

j

Bij cj ai =
X

j

Bij↵ �+ dicj

i

j

B3

B1
A1

A2
k

l

B2

c1
B4

c1

ai =
X

j

Bij dj)( Cij+

i

j

B1

B2

a1

d1

C1

C2

i

k

B1

j
B2

A1

A2

D1

D2

C1

C2

k

i

j

B1
A1

A2

l

B2

B3

A3

C1

C2

i

j

B1
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l

B2
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i
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B3

j

c1
k

B1

B2

A1

A2

i

    int pB3 = B3_pos[pB2]; 
    int pc1 = c1_pos[0]; 
    while (pB3 < B3_pos[pB2 + 1] && pc1 < c1_pos[1]) { 
      int kB = B3_crd[pB3]; 
      int kc = c1_crd[pc1]; 
      int k = min(kB, kc); 
      if (kB == k && kc == k) { 
        
      } 
      if (kB == k) pB3++; 
      if (kc == k) pc1++; 
    }

        A[pA2] += B[pB3] * c[pc1];

34

Code Generation From Iteration Graph

}

  for (int pB2 = B2_pos[pB1]; pB2 < B2_pos[pB1 + 1]; pB2++) { 
    int j = B2_crd[pB2]; 
    int pA2 = (i * n) + j;

  }

for (int i = 0; i < m; i++) {
dense dimension

compressed dimension

merged dimensions

compute statement

Aij

X

k

Bijk ⇤ ck=

*

B
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Dense

Compressed

Compressed

A
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Dense
Dense

Compressedc
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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int pb1 = b1_pos[0]; 
int pc1 = c1_pos[0]; 
while (pb1 < b1_pos[1] && pc1 < c1_pos[1]) { 
  int ib = b1_crd[pb1]; 
  int ic = c1_crd[pc1]; 
  int i = min(ib, ic); 

  if (ib == i) pb1++; 
  if (ic == i) pc1++; 
}

  if (ib == i && ic == i) { 
    a[i] = b[pb1] * c[pc1]; 
  }

int pb1 = b1_pos[0]; 
int pc1 = c1_pos[0]; 
while (pb1 < b1_pos[1] && pc1 < c1_pos[1]) { 
  int ib = b1_crd[pb1]; 
  int ic = c1_crd[pc1]; 
  int i = min(ib, ic); 

  if (ib == i) pb1++; 
  if (ic == i) pc1++; 
}

  if (ib == i && ic == i) { 
    a[i] = b[pb1] * c[pc1]; 
  }

b, c

36

Merge Lattice For Multiplications
ai = bici

∅

Multiplication requires intersection

b c b c

b ∩ c



while (pc1 < c1_pos[1]) { 
  int i = c1_crd[pc1]; 
  a[i] = c[pc1++]; 
}

while (pb1 < b1_pos[1]) { 
  int i = b1_crd[pb1]; 
  a[i] = b[pb1++]; 
}

  else { 
    a[i] = c[pc1]; 
  }

  else if (ib == i) { 
    a[i] = b[pb1]; 
  }

  if (ib == i && ic == i) { 
    a[i] = b[pb1] + c[pc1]; 
  }b ∪ cb c c= (b ∩ c) ∪ b ∪ cb

int pb1 = b1_pos[0]; 
int pc1 = c1_pos[0]; 
while (pb1 < b1_pos[1] && pc1 < c1_pos[1]) { 
  int ib = b1_crd[pb1]; 
  int ic = c1_crd[pc1]; 
  int i = min(ib, ic); 

  if (ib == i) pb1++; 
  if (ic == i) pc1++; 
}

int pb1 = b1_pos[0]; 
int pc1 = c1_pos[0]; 
while (pb1 < b1_pos[1] && pc1 < c1_pos[1]) { 
  int ib = b1_crd[pb1]; 
  int ic = c1_crd[pc1]; 
  int i = min(ib, ic); 

  if (ib == i) pb1++; 
  if (ic == i) pc1++; 
}

  else if (ib == i) { 
    a[i] = b[pb1]; 
  }

b, c

Merge Lattice For Additions

37

∅

ai = bi + ci

while (pc1 < c1_pos[1]) { 
  int i = c1_crd[pc1]; 
  a[i] = c[pc1++]; 
}

while (pb1 < b1_pos[1]) { 
  int i = b1_crd[pb1]; 
  a[i] = b[pb1++]; 
}

Addition requires union

b c
bc

b c

  if (ib == i && ic == i) { 
    a[i] = b[pb1] + c[pc1]; 
  }

  else { 
    a[i] = c[pc1]; 
  }



int pb1 = b1_pos[0]; 
int pc1 = c1_pos[0]; 
int id = 0; 
while (pb1 < b1_pos[1] && pc1 < c1_pos[1]) { 
  int ib = b1_crd[pb1]; 
  int ic = c1_crd[pc1]; 
  int pd1 = id; 
  int pa1 = id; 
  if (ib == id && ic == id) { 
    a[pa1] = b[pb1] + c[pc1] + d[pd1]; 
  } 
  else if (ib == id) { 
    a[pa1] = b[pb1] + d[pd1]; 
  } 
  else if (ic == id) { 
    a[pa1] = c[pc1] + d[pd1]; 
  } 
  else { 
    a[pa1] = d[pd1]; 
  } 
  if (ib == id) pb1++; 
  if (ic == id) pc1++; 
  id++; 
} 

while (id < d1_dimension) { 
  int pd1 = id; 
  int pa1 = id; 
  a[pa1] = d[pd1]; 
  id++; 
}

while (pb1 < b1_pos[1]) { 
  int ib = b1_crd[pb1]; 
  int pd1 = id; 
  int pa1 = id; 
  if (ib == id) { 
    a[pa1] = b[pb1] + d[pd1]; 
  } 
  else { 
    a[pa1] = d[pd1]; 
  } 
  if (ib == id) pb1++; 
  id++; 
}

while (pc1 < c1_pos[1]) { 
  int ic = c1_crd[pc1]; 
  int pd1 = id; 
  int pa1 = id; 
  if (ic == id) { 
    a[pa1] = c[pc1] + d[pd1]; 
  } 
  else { 
    a[pa1] = d[pd1]; 
  } 
  if (ic == id) pc1++; 
  id++; 
}

Dense

d d

b c

d

while (pc1 < c1_pos[1] && pd1 < d1_pos[1]) { 
  int ic = c1_crd[pc1]; 
  int id = d1_crd[pd1]; 
  int i = min(ic, id); 
  if (ic == i && id == i) { 
    a[i] = c[pc1] + d[pd1]; 
  } 
  else if (ic == i) { 
    a[i] = c[pc1]; 
  } 
  else { 
    a[i] = d[pd1]; 
  } 
  if (ic == i) pc1++; 
  if (id == i) pd1++; 
} 

while (pb1 < b1_pos[1] && pc1 < c1_pos[1]) { 
  int ib = b1_crd[pb1]; 
  int ic = c1_crd[pc1]; 
  int i = min(ib, ic); 
  if (ib == i && ic == i) { 
    a[i] = b[pb1] + c[pc1]; 
  } 
  else if (ib == i) { 
    a[i] = b[pb1]; 
  } 
  else { 
    a[i] = c[pc1]; 
  } 
  if (ib == i) pb1++; 
  if (ic == i) pc1++; 
} 

while (pb1 < b1_pos[1] && pd1 < d1_pos[1]) { 
  int ib = b1_crd[pb1]; 
  int id = d1_crd[pd1]; 
  int i = min(ib, id); 
  if (ib == i && id == i) { 
    a[i] = b[pb1] + d[pd1]; 
  } 
  else if (ib == i) { 
    a[i] = b[pb1]; 
  } 
  else { 
    a[i] = d[pd1]; 
  } 
  if (ib == i) pb1++; 
  if (id == i) pd1++; 
} 

int pb1 = b1_pos[0]; 
int pc1 = c1_pos[0]; 
int pd1 = d1_pos[0]; 
while (pb1 < b1_pos[1] && pc1 < c1_pos[1] && pd1 < d1_pos[1]) { 
  int ib = b1_crd[pb1]; 
  int ic = c1_crd[pc1]; 
  int id = d1_crd[pd1]; 
  int i = min(ib, ic, id); 
  if (ib == i && ic == i && id == i) { 
    a[i] = b[pb1] + c[pc1] + d[pd1]; 
  } 
  else if (ib == i && id == i) { 
    a[i] = b[pb1] + d[pd1]; 
  } 
  else if (ic == i && id == i) { 
    a[i] = c[pc1] + d[pd1]; 
  } 
  else if (ib == i && ic == i) { 
    a[i] = b[pb1] + c[pc1]; 
  } 
  else if (ib == i) { 
    a[i] = b[pb1]; 
  } 
  else if (ic == i) { 
    a[i] = c[pc1]; 
  } 
  else { 
    a[i] = d[pd1]; 
  } 
  if (ib == i) pb1++; 
  if (ic == i) pc1++; 
  if (id == i) pd1++; 
}

while (pb1 < b1_pos[1]) { 
  int ib = b1_crd[pb1]; 
  a[ib] = b[pb1]; 
  pb1++; 
}

while (pc1 < c1_pos[1]) { 
  int ic = c1_crd[pc1]; 
  a[ic] = c[pc1]; 
  pc1++; 
} 

while (pd1 < d1_pos[1]) { 
  int id = d1_crd[pd1]; 
  a[id] = d[pd1]; 
  pd1++; 
} 

38

Merge Lattice For A Compound Expression
ai = bi + ci + di

c, d b, d b, c

d c b
b dc b d c

bd c

b dc

b, c, d

d

∅
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Beyond Multiply And Add



while (pc1 < c1_pos[1]) { 
  int i = c1_crd[pc1]; 
  a[i] = c[pc1++]; 
}

while (pb1 < b1_pos[1]) { 
  int i = b1_crd[pb1]; 
  a[i] = b[pb1++]; 
}

  else { 
    a[i] = c[pc1]; 
  }

  else if (ib == i) { 
    a[i] = b[pb1]; 
  }

  if (ib == i && ic == i) { 
    a[i] = b[pb1] + c[pc1]; 
  }b ∪ cb c c= (b ∩ c) ∪ b ∪ cb

int pb1 = b1_pos[0]; 
int pc1 = c1_pos[0]; 
while (pb1 < b1_pos[1] && pc1 < c1_pos[1]) { 
  int ib = b1_crd[pb1]; 
  int ic = c1_crd[pc1]; 
  int i = min(ib, ic); 

  if (ib == i) pb1++; 
  if (ic == i) pc1++; 
}

int pb1 = b1_pos[0]; 
int pc1 = c1_pos[0]; 
while (pb1 < b1_pos[1] && pc1 < c1_pos[1]) { 
  int ib = b1_crd[pb1]; 
  int ic = c1_crd[pc1]; 
  int i = min(ib, ic); 

  if (ib == i) pb1++; 
  if (ic == i) pc1++; 
}

  else if (ib == i) { 
    a[i] = b[pb1]; 
  }

b, c

Merge Lattice For Additions

40

∅

ai = bi + ci

while (pc1 < c1_pos[1]) { 
  int i = c1_crd[pc1]; 
  a[i] = c[pc1++]; 
}

while (pb1 < b1_pos[1]) { 
  int i = b1_crd[pb1]; 
  a[i] = b[pb1++]; 
}

Addition requires union

b c
bc

b c

  if (ib == i && ic == i) { 
    a[i] = b[pb1] + c[pc1]; 
  }

  else { 
    a[i] = c[pc1]; 
  }cb



while (pc1 < c1_pos[1]) { 
  int i = c1_crd[pc1]; 
  a[i] = c[pc1++]; 
}

while (pb1 < b1_pos[1]) { 
  int i = b1_crd[pb1]; 
  a[i] = b[pb1++]; 
}

  else { 
    a[i] = c[pc1]; 
  }

  else if (ib == i) { 
    a[i] = b[pb1]; 
  }

  if (ib == i && ic == i) { 
    a[i] = b[pb1] + c[pc1]; 
  }b ∪ cb c c= (b ∩ c) ∪ b ∪ cb

int pb1 = b1_pos[0]; 
int pc1 = c1_pos[0]; 
while (pb1 < b1_pos[1] && pc1 < c1_pos[1]) { 
  int ib = b1_crd[pb1]; 
  int ic = c1_crd[pc1]; 
  int i = min(ib, ic); 

  if (ib == i) pb1++; 
  if (ic == i) pc1++; 
}

int pb1 = b1_pos[0]; 
int pc1 = c1_pos[0]; 
while (pb1 < b1_pos[1] && pc1 < c1_pos[1]) { 
  int ib = b1_crd[pb1]; 
  int ic = c1_crd[pc1]; 
  int i = min(ib, ic); 

  if (ib == i) pb1++; 
  if (ic == i) pc1++; 
}

  else if (ib == i) { 
    a[i] = b[pb1]; 
  }

b, c

Merge Lattice For Xor           .

41

∅

ai = bi + ci

while (pc1 < c1_pos[1]) { 
  int i = c1_crd[pc1]; 
  a[i] = c[pc1++]; 
}

while (pb1 < b1_pos[1]) { 
  int i = b1_crd[pb1]; 
  a[i] = b[pb1++]; 
}

bc

b c

  if (ib == i && ic == i) { 
    a[i] = b[pb1] + c[pc1]; 
  }

  else { 
    a[i] = c[pc1]; 
  }b c cb
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User Defined Functions

def bitwise_and(x, y):
  x, y => {
            return x & y;
          } 

  properties:
     commutative
     annihilator=0

def gcd(x, y):
     x, 0 => { return abs(x); }
  0, y => { return abs(y); }
  x, y => {  x = abs(x);
            y = abs(y);
            while (x != 0) {
               int t = x;
               x = y % x;
               y = t;
            }
            return y;
          } 

  iteration_space:
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Iteration And Coiteration

0 1 2 3 4 5 6 7 8 9 10 11

Increment

Dense

0 1 2 3 4 5 6 7 8 9 10 11

Next

Compressed

Dense Compressed Run Length Blocked

Dense Increment Next/lookup ….. ….

Compresed Next/lookup Next/next two-
finger merge …… ….

Run Length ….. ….. ….. ….

Blocked …. …. …. ….

Dense Compressed

Dense Increment Next/lookup

Compresed Next/lookup Next/next two-
finger merge

Dense

Dense Increment

Variable 
blocks

Pack  
BITS

Ragged

Variable 
blocks



Looplet Language
• A general language to iterate over structured data  

• Iterating over complex structured data expressed using a language of a few primitives

4.20 0.7 9.28.6 0 0 0 0 00 0 0

Stepper

Spike Spike Spike Spike

RunRunRunRun Scalar Scalar ScalarScalarRun

Pipeline

• Lookup 
• Run 

• Spike 
• Pipeline

• Stepper 
• Jumper

• Shift 
• Switch



Looplet Language
• A general language to iterate over structured data  

• Iterating over complex structured data expressed using a language of a few primitives 

• Code generation from the iteration protocols is simple and mechanical 

• Lookup 
• Run 

• Spike 
• Pipeline

• Stepper 
• Jumper

• Shift 
• Switch

Run

Pipeline

for i = 1:y.start-1 
 visit(i, 0) 
for i = y.start:y.stop 
 visit(i, y.val[i + 1 – start]) 
for i = y.stop + 1:end 
 visit(i, 0)

Run

Lookup



Looplet Language
• A general language to iterate over structured data  

• Iterating over complex structured data expressed using a language of a few primitives 

• Code generation from the iteration protocols is simple and mechanical  

• To coiterate, merge the individual iteration protocols 
• Use rewrite rules to simplify

• Lookup 
• Run 

• Spike 
• Pipeline

• Stepper 
• Jumper

• Shift 
• Switch



Looplet Language Supports Many Types Of Structured Data

D.	Donenfeld,	S.	Chou,	and	S.	Amarasinghe,	“Unified	Compilation	
for	Lossless	Compression	and	Sparse	Computing”

J.	Shi,	S.	Chou,	F.	Kjolstad,	and	S.	Amarasinghe,	“An	Attempt	to	
Generate	Code	for	Symmetric	Tensor	Computations”

P.	Fegade,	T.	Chen,	P.	B.	Gibbons,	and	T.	C.	Mowry,	“The	CoRa	Tensor	
Compiler:	Compilation	for	Ragged	Tensors	with	Minimal	Padding”

Ragged Matrix Run Length Matrix Symmetric Matrix

• Unifying what is currently done by multiple compilers 
• Hybrid “have-it-all” formats 
• Expanding into other types of structures
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they �nish, the second loop reduces across the workspace,
either sequentially or in parallel. We have implemented this
strategy onCPUs using SIMD instructions, and onGPUswith
CUDA warp-level reduction primitives. It is also possible to
control the reduction strategy at each level of parallelism to
optimize for each level of parallel hardware. For example, on
a GPU we can choose a loop separation strategy within a
warp and atomics across warps.

7 Scheduling API
We expose the sparse transformation primitives as a sched-
uling API in TACO, inspired by the Halide system for dense
stencil computations [28]. The scheduling language is inde-
pendent of both the algorithmic language (used to specify
computations) and the format language (used to specify ten-
sor data structures). This lets users schedule tensor computa-
tions independently of data structure choice, while ensuring
correctness for the overall algorithm, and further enables e�-
cient execution on di�erent hardware without changing the
algorithm. We add the following scheduling APIs to TACO:

void reorder(IndexVar i1, IndexVar i2);
void fuse(IndexVar i, IndexVar j, IndexVar f)
void split(IndexVar i, IndexVar i1, IndexVar i2, int size)
void divide(IndexVar i, IndexVar i1, IndexVar i2, int size)
void pos(IndexVar i, IndexVar p, Access a)
void coord(IndexVar p, IndexVar i)
void parallelize(IndexVar i, ParallelUnit pu,

ReductionStrategy rs)
void unroll(IndexVar i, int unrollFactor)
void bound(IndexVar i, int min, int max)
void precompute(IndexExpr e, vector<IndexVar> vars,

Tensor w);

These primitives directly correspond to transformations
described in Section 5. The split, divide, and fuse transforma-
tions follow the convention that derived-from index variables
precede newly-derived index variables in the list of argu-
ments. reorder takes two directly nested index variables and
reorders them. bound speci�es the minimum and maximum
value of an index variable’s iteration space at compile-time,
which lets the compiler leverage information known about
the structured sparsity of inputs when performing bounds
propagation. pos and coord create new index variables in
their respective iteration spaces. pos requires a tensor access
expression as input, that described the tensor whose coor-
dinate hierarchy to perform a position cut with respect to.
Speci�cally, the derived p variable will iterate over the ten-
sors’s position space at the level that the i variable is used in
the access expression. The precompute transformation is de-
scribed in prior work [17], but composes with our set of trans-
formations to allow us to leverage scratchpad memories and
reorder computations to increase locality. The unroll prim-
itive unrolls the corresponding loop by a statically-known

IndexVar i, j;
y(i) = A(i, j) * x(j);
IndexVar k, p, p0, p1;
IndexStmt stmt = y.getAssignment().concretize();
stmt = stmt.fuse(i, j, k)
           .pos(k, p, A(i,j))
           .split(p, p0, p1, CHUNK_SIZE)
           .parallelize(p0, ParallelUnit::CPUThread,
                        OutputRaceStrategy::Atomic);

Figure 14. The schedule to parallelize SpMV over the nonze-
ros of the CSR matrix is shown. The transformations in this
schedule correspond to the provenance graph in Figure 10
and it generates the code in Figure 12.

integer number of iterations, and �nally the parallelize prim-
itive is as described in Section 6.3. An example schedule is
shown in Figure 14. We �rst generate an iteration graph
by using the concretize function and then apply successive
transformations using scheduling language primitives.

8 Evaluation
We carry out experiments to compare the performance of
code generated by our technique with di�erent schedules
to state-of-the-art library implementations of three impor-
tant expressions: SpMV, SpMM, and MTTKRP. We chose
these expressions because they have been heavily studied in
the performance engineering literature. We stress, however,
that the point of our experiments is not to demonstrate that
our transformations produce kernels with the best possi-
ble performance for these speci�c expressions. Rather, the
purpose of our transformations is to apply to any tensor
algebra expression. These three expressions are therefore
stand-ins for any expression, and we seek to demonstrate
that our technique produces code with good performance
that is competitive with hand-optimized kernels.
In addition, we carry out several studyes to highlight sit-

uations where the best schedule di�ers depending on the
situation. For example, the best CPU and GPU schedules
di�er, and the best GPU SpMV schedule depends on whether
the computation is load-balanced or not. We carry out these
studies on the simplest kernels that are su�cient to make
our point. For most studies this is the SpMV kernel, except
for the locality study in Section 8.6 where we use the SpMM
expression, since it has two dense loops we can tile over.

8.1 Methodology
We implement our transformation framework as an exten-
sion to the TACO compiler, which is freely available under
the MIT license. To evaluate it, we compare the performance
of code that has been optimized using our transformations
accessed through the scheduling API to the original TACO
system (commit 331188), Intel MKL [15], and SPLATT [32].
For the comparative studies we use the 17 matrices from
the SuiteSparse sparse matrix repository [11] used for tar-
geted studies by Merrill and Garland [23] and Steinberger et
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of the SpMV operation. The resulting loop nest that iterates
over it is shown in Figure 2b. The outer loop iterates over the
nonempty rows of B, stored as (coordinate, position) pairs.
The positions are the locations of the coordinate at that level
of the hierarchy, so the i coordinate 2 is stored at the second
position after coordinate 0. The inner loop iterates over the
nonempty (nonzero) components of the current row in the
outer loop. The loops together iterates over the coordinate
hierarchy of B and thus the sparse iteration space of Bc . (It is
not necessary to iterate over c as the intersection resulting
from the multiplication makes it is su�cient to iterate over
the smaller operand.)

Sparse position spaces are the sequence of nonzero coordi-
nates in the order they are stored in a coordinate hierarchy,
which may be thought of as a sparse space-�lling curve
through nonzero values. Their main advantage is that, al-
though the coordinate space of a sparse tensor expression
is sparse and irregular, its position space is a dense one-
dimensional space that can be e�ectively tiled into equal-size
blocks. As we shall see, this makes it possible to transform
tensor expressions into statically load-balanced parallel code
and to make e�ective use of vectorization and GPUs. Fig-
ure 4c shows the position space of the SpMV expression as a
sequence of positions with coordinates attached.

Figure 2d shows the single loop that iterates through the
sparse position space of the SpMV operation. Like the dense
position space, the loop increments a position variable p.
Based on the position it retrieves the coordinate j from the
matrix B’s coordinate array. In addition, it keeps track of
the current coordinate i by incrementing it every time it
reaches the end of a row. The increment of i is placed in a
while loop to increment past empty rows. This increment
strategy requires that the coordinates are stored in order.
If they are not, the increment of i would be replaced by a
search. If there were more dimensions to the matrix B then
the code would keep track of each coordinate above i using
the same strategy.
We can tile the coordinate space or the position space

of a sparse tensor algebra expression’s loop nest. Tiling its
coordinate space is conceptually straightforward and similar
to how tiling works for dense loops. We simply split the
dimensions of the sparse space into coordinate sets that
are assigned to separate tiles. The challenge with tiling a
sparse iteration space is that the tiles may not have the same
number of nonzeros and will therefore have di�erent sizes in
memory. This means that a potentially expensive search is
required to determine the starting location of each tile when
iterating over them. Furthermore, varying size blocks lead to
di�erent amounts of computation and thus load-imbalanced
parallel execution. Figure 5 demonstrates the issue: although
the cuts result in tiles with equal area, each tile contains very
di�erent numbers of points in its iteration space. We see this
clearly when projecting the cut to the coordinate hierarchy
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data structure of B, where the number of values in each tile
substantially di�ers.
Tiling the position space of a sparse tensor algebra ex-

pression opens up new and exciting opportunities. The key
property of position spaces are that they, in contrast to coor-
dinate spaces, are dense and contiguous. The tiles therefore
have the same size and can easily be located. This lets us
create statically load-balanced parallel code and makes it
possible to generate code that is tuned for GPUs, which tend
to bene�t from more regular execution than CPUs. Figure 6
shows the e�ect of tiling in the position space on the sparse
coordinate space of the SpMV example and on its data struc-
tures. The position tiles, in contrast to coordinate space tiles,
are irregular in the coordinate space, but lead to equal-sized
tiles in the position space. However, tiling in the position
space introduces book-keeping code to track the coordinates
above the cut (e.g., what row we are on in the SpMV example)
and can lead to con�icting writes when a row spans two
tiles. Furthermore, we can only cut the position space with
respect to the data structure of one of the operands of the
expression. The resulting code, as we will see in Section 6,
iterates over this operand, computes coordinates, and then
�nds the position of those coordinates in the other operands.
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of the SpMV operation. The resulting loop nest that iterates
over it is shown in Figure 2b. The outer loop iterates over the
nonempty rows of B, stored as (coordinate, position) pairs.
The positions are the locations of the coordinate at that level
of the hierarchy, so the i coordinate 2 is stored at the second
position after coordinate 0. The inner loop iterates over the
nonempty (nonzero) components of the current row in the
outer loop. The loops together iterates over the coordinate
hierarchy of B and thus the sparse iteration space of Bc . (It is
not necessary to iterate over c as the intersection resulting
from the multiplication makes it is su�cient to iterate over
the smaller operand.)

Sparse position spaces are the sequence of nonzero coordi-
nates in the order they are stored in a coordinate hierarchy,
which may be thought of as a sparse space-�lling curve
through nonzero values. Their main advantage is that, al-
though the coordinate space of a sparse tensor expression
is sparse and irregular, its position space is a dense one-
dimensional space that can be e�ectively tiled into equal-size
blocks. As we shall see, this makes it possible to transform
tensor expressions into statically load-balanced parallel code
and to make e�ective use of vectorization and GPUs. Fig-
ure 4c shows the position space of the SpMV expression as a
sequence of positions with coordinates attached.

Figure 2d shows the single loop that iterates through the
sparse position space of the SpMV operation. Like the dense
position space, the loop increments a position variable p.
Based on the position it retrieves the coordinate j from the
matrix B’s coordinate array. In addition, it keeps track of
the current coordinate i by incrementing it every time it
reaches the end of a row. The increment of i is placed in a
while loop to increment past empty rows. This increment
strategy requires that the coordinates are stored in order.
If they are not, the increment of i would be replaced by a
search. If there were more dimensions to the matrix B then
the code would keep track of each coordinate above i using
the same strategy.
We can tile the coordinate space or the position space

of a sparse tensor algebra expression’s loop nest. Tiling its
coordinate space is conceptually straightforward and similar
to how tiling works for dense loops. We simply split the
dimensions of the sparse space into coordinate sets that
are assigned to separate tiles. The challenge with tiling a
sparse iteration space is that the tiles may not have the same
number of nonzeros and will therefore have di�erent sizes in
memory. This means that a potentially expensive search is
required to determine the starting location of each tile when
iterating over them. Furthermore, varying size blocks lead to
di�erent amounts of computation and thus load-imbalanced
parallel execution. Figure 5 demonstrates the issue: although
the cuts result in tiles with equal area, each tile contains very
di�erent numbers of points in its iteration space. We see this
clearly when projecting the cut to the coordinate hierarchy
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data structure of B, where the number of values in each tile
substantially di�ers.
Tiling the position space of a sparse tensor algebra ex-

pression opens up new and exciting opportunities. The key
property of position spaces are that they, in contrast to coor-
dinate spaces, are dense and contiguous. The tiles therefore
have the same size and can easily be located. This lets us
create statically load-balanced parallel code and makes it
possible to generate code that is tuned for GPUs, which tend
to bene�t from more regular execution than CPUs. Figure 6
shows the e�ect of tiling in the position space on the sparse
coordinate space of the SpMV example and on its data struc-
tures. The position tiles, in contrast to coordinate space tiles,
are irregular in the coordinate space, but lead to equal-sized
tiles in the position space. However, tiling in the position
space introduces book-keeping code to track the coordinates
above the cut (e.g., what row we are on in the SpMV example)
and can lead to con�icting writes when a row spans two
tiles. Furthermore, we can only cut the position space with
respect to the data structure of one of the operands of the
expression. The resulting code, as we will see in Section 6,
iterates over this operand, computes coordinates, and then
�nds the position of those coordinates in the other operands.
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of the SpMV operation. The resulting loop nest that iterates
over it is shown in Figure 2b. The outer loop iterates over the
nonempty rows of B, stored as (coordinate, position) pairs.
The positions are the locations of the coordinate at that level
of the hierarchy, so the i coordinate 2 is stored at the second
position after coordinate 0. The inner loop iterates over the
nonempty (nonzero) components of the current row in the
outer loop. The loops together iterates over the coordinate
hierarchy of B and thus the sparse iteration space of Bc . (It is
not necessary to iterate over c as the intersection resulting
from the multiplication makes it is su�cient to iterate over
the smaller operand.)

Sparse position spaces are the sequence of nonzero coordi-
nates in the order they are stored in a coordinate hierarchy,
which may be thought of as a sparse space-�lling curve
through nonzero values. Their main advantage is that, al-
though the coordinate space of a sparse tensor expression
is sparse and irregular, its position space is a dense one-
dimensional space that can be e�ectively tiled into equal-size
blocks. As we shall see, this makes it possible to transform
tensor expressions into statically load-balanced parallel code
and to make e�ective use of vectorization and GPUs. Fig-
ure 4c shows the position space of the SpMV expression as a
sequence of positions with coordinates attached.

Figure 2d shows the single loop that iterates through the
sparse position space of the SpMV operation. Like the dense
position space, the loop increments a position variable p.
Based on the position it retrieves the coordinate j from the
matrix B’s coordinate array. In addition, it keeps track of
the current coordinate i by incrementing it every time it
reaches the end of a row. The increment of i is placed in a
while loop to increment past empty rows. This increment
strategy requires that the coordinates are stored in order.
If they are not, the increment of i would be replaced by a
search. If there were more dimensions to the matrix B then
the code would keep track of each coordinate above i using
the same strategy.
We can tile the coordinate space or the position space

of a sparse tensor algebra expression’s loop nest. Tiling its
coordinate space is conceptually straightforward and similar
to how tiling works for dense loops. We simply split the
dimensions of the sparse space into coordinate sets that
are assigned to separate tiles. The challenge with tiling a
sparse iteration space is that the tiles may not have the same
number of nonzeros and will therefore have di�erent sizes in
memory. This means that a potentially expensive search is
required to determine the starting location of each tile when
iterating over them. Furthermore, varying size blocks lead to
di�erent amounts of computation and thus load-imbalanced
parallel execution. Figure 5 demonstrates the issue: although
the cuts result in tiles with equal area, each tile contains very
di�erent numbers of points in its iteration space. We see this
clearly when projecting the cut to the coordinate hierarchy
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data structure of B, where the number of values in each tile
substantially di�ers.
Tiling the position space of a sparse tensor algebra ex-

pression opens up new and exciting opportunities. The key
property of position spaces are that they, in contrast to coor-
dinate spaces, are dense and contiguous. The tiles therefore
have the same size and can easily be located. This lets us
create statically load-balanced parallel code and makes it
possible to generate code that is tuned for GPUs, which tend
to bene�t from more regular execution than CPUs. Figure 6
shows the e�ect of tiling in the position space on the sparse
coordinate space of the SpMV example and on its data struc-
tures. The position tiles, in contrast to coordinate space tiles,
are irregular in the coordinate space, but lead to equal-sized
tiles in the position space. However, tiling in the position
space introduces book-keeping code to track the coordinates
above the cut (e.g., what row we are on in the SpMV example)
and can lead to con�icting writes when a row spans two
tiles. Furthermore, we can only cut the position space with
respect to the data structure of one of the operands of the
expression. The resulting code, as we will see in Section 6,
iterates over this operand, computes coordinates, and then
�nds the position of those coordinates in the other operands.
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they �nish, the second loop reduces across the workspace,
either sequentially or in parallel. We have implemented this
strategy onCPUs using SIMD instructions, and onGPUswith
CUDA warp-level reduction primitives. It is also possible to
control the reduction strategy at each level of parallelism to
optimize for each level of parallel hardware. For example, on
a GPU we can choose a loop separation strategy within a
warp and atomics across warps.

7 Scheduling API
We expose the sparse transformation primitives as a sched-
uling API in TACO, inspired by the Halide system for dense
stencil computations [28]. The scheduling language is inde-
pendent of both the algorithmic language (used to specify
computations) and the format language (used to specify ten-
sor data structures). This lets users schedule tensor computa-
tions independently of data structure choice, while ensuring
correctness for the overall algorithm, and further enables e�-
cient execution on di�erent hardware without changing the
algorithm. We add the following scheduling APIs to TACO:

void reorder(IndexVar i1, IndexVar i2);
void fuse(IndexVar i, IndexVar j, IndexVar f)
void split(IndexVar i, IndexVar i1, IndexVar i2, int size)
void divide(IndexVar i, IndexVar i1, IndexVar i2, int size)
void pos(IndexVar i, IndexVar p, Access a)
void coord(IndexVar p, IndexVar i)
void parallelize(IndexVar i, ParallelUnit pu,

ReductionStrategy rs)
void unroll(IndexVar i, int unrollFactor)
void bound(IndexVar i, int min, int max)
void precompute(IndexExpr e, vector<IndexVar> vars,

Tensor w);

These primitives directly correspond to transformations
described in Section 5. The split, divide, and fuse transforma-
tions follow the convention that derived-from index variables
precede newly-derived index variables in the list of argu-
ments. reorder takes two directly nested index variables and
reorders them. bound speci�es the minimum and maximum
value of an index variable’s iteration space at compile-time,
which lets the compiler leverage information known about
the structured sparsity of inputs when performing bounds
propagation. pos and coord create new index variables in
their respective iteration spaces. pos requires a tensor access
expression as input, that described the tensor whose coor-
dinate hierarchy to perform a position cut with respect to.
Speci�cally, the derived p variable will iterate over the ten-
sors’s position space at the level that the i variable is used in
the access expression. The precompute transformation is de-
scribed in prior work [17], but composes with our set of trans-
formations to allow us to leverage scratchpad memories and
reorder computations to increase locality. The unroll prim-
itive unrolls the corresponding loop by a statically-known

IndexVar i, j;
y(i) = A(i, j) * x(j);
IndexVar k, p, p0, p1;
IndexStmt stmt = y.getAssignment().concretize();
stmt = stmt.fuse(i, j, k)
           .pos(k, p, A(i,j))
           .split(p, p0, p1, CHUNK_SIZE)
           .parallelize(p0, ParallelUnit::CPUThread,
                        OutputRaceStrategy::Atomic);

Figure 14. The schedule to parallelize SpMV over the nonze-
ros of the CSR matrix is shown. The transformations in this
schedule correspond to the provenance graph in Figure 10
and it generates the code in Figure 12.

integer number of iterations, and �nally the parallelize prim-
itive is as described in Section 6.3. An example schedule is
shown in Figure 14. We �rst generate an iteration graph
by using the concretize function and then apply successive
transformations using scheduling language primitives.

8 Evaluation
We carry out experiments to compare the performance of
code generated by our technique with di�erent schedules
to state-of-the-art library implementations of three impor-
tant expressions: SpMV, SpMM, and MTTKRP. We chose
these expressions because they have been heavily studied in
the performance engineering literature. We stress, however,
that the point of our experiments is not to demonstrate that
our transformations produce kernels with the best possi-
ble performance for these speci�c expressions. Rather, the
purpose of our transformations is to apply to any tensor
algebra expression. These three expressions are therefore
stand-ins for any expression, and we seek to demonstrate
that our technique produces code with good performance
that is competitive with hand-optimized kernels.
In addition, we carry out several studyes to highlight sit-

uations where the best schedule di�ers depending on the
situation. For example, the best CPU and GPU schedules
di�er, and the best GPU SpMV schedule depends on whether
the computation is load-balanced or not. We carry out these
studies on the simplest kernels that are su�cient to make
our point. For most studies this is the SpMV kernel, except
for the locality study in Section 8.6 where we use the SpMM
expression, since it has two dense loops we can tile over.

8.1 Methodology
We implement our transformation framework as an exten-
sion to the TACO compiler, which is freely available under
the MIT license. To evaluate it, we compare the performance
of code that has been optimized using our transformations
accessed through the scheduling API to the original TACO
system (commit 331188), Intel MKL [15], and SPLATT [32].
For the comparative studies we use the 17 matrices from
the SuiteSparse sparse matrix repository [11] used for tar-
geted studies by Merrill and Garland [23] and Steinberger et

9
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With Sparse Iteration Space Transformations We Can Target GPUS
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Figure 15. SpMV on a CPU.
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Figure 16. SpMV on a GPU.
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Figure 17. SpMM on a CPU.
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Figure 18. SpMM on a GPU.
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Figure 19. MTTKRP on a CPU.
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Figure 20. MTTKRP on a GPU.

al. [37], and the three tensors from the FROSTT sparse tensor
repository [31] that were used by Kjolstad et al. [18]. We
also carry out studies to evaluate the value of a scheduling
language. Our load-balance study uses synthetic matrices
designed to show at what load imbalance it makes sense to
move to a statically load-balanced kernel. We have made all
schedules available in the supplementary material.
All CPU experiments are run on a dual-socket, 12-core

with 24 threads, 2.5 GHz Intel Xeon E5-2680 v3 machine
with 30 MB of L3 cache per socket and 128 GB of main
memory, running Ubuntu 18.04.3 LTS. We compile code that
our technique generates using Intel icpc with -O3, -Ofast
and -mavx2. We run each experiment 16 times with 8 warm-
up runs and report median serial execution times. All GPU
experiments are run on an NVIDIA DGX system with 8 V100
GPUs with 32 GB of global memory, 6MB of L2 cache and
128KB of L1 cache per SM (80 SMs), and a bandwidth of
897 GB/s. We compile the CUDA code that our technique
generates using NVCC v9.0 with -O3 and --use_fast_math.

8.2 Comparative Performance
Our �rst experiments validates that the performance of the
code generated using our transformation framework per-
forms well compared to other systems, and are shown in
Figures 15–20. We evaluate three linear algebra and tensor
algebra kernels that have received a lot of attention from
researchers that study sparse linear and tensor algebra opti-
mization. These are the ubiquitous SpMV operation on CSR
matrices, the (sparse matrix)⇥ (dense matrix) (SpMM) oper-
ation, and the Matriziced Tensor Times Khatri-Rao Product
(MTTKRP) operation. We use our scheduling language to
optimize each of these for our CPU and a GPU. On CPUs
we compare the linear algebra kernels to the TACO Com-
piler [18], the Intel MKL library [15], and the CSR5 implemen-
tation of SpMV [21]. OnGPUswe compare the SpMVkernel to
cuSPARSE [25] using the CSR and hybrid format implemen-
tations of Bell and Garland [6], as well as the Merge-Based
SpMV implementation of Merrill and Garland [23]. For the
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Figure 15. SpMV on a CPU.
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Figure 16. SpMV on a GPU.
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Figure 17. SpMM on a CPU.
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Figure 18. SpMM on a GPU.
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Figure 19. MTTKRP on a CPU.
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Figure 20. MTTKRP on a GPU.

al. [37], and the three tensors from the FROSTT sparse tensor
repository [31] that were used by Kjolstad et al. [18]. We
also carry out studies to evaluate the value of a scheduling
language. Our load-balance study uses synthetic matrices
designed to show at what load imbalance it makes sense to
move to a statically load-balanced kernel. We have made all
schedules available in the supplementary material.
All CPU experiments are run on a dual-socket, 12-core

with 24 threads, 2.5 GHz Intel Xeon E5-2680 v3 machine
with 30 MB of L3 cache per socket and 128 GB of main
memory, running Ubuntu 18.04.3 LTS. We compile code that
our technique generates using Intel icpc with -O3, -Ofast
and -mavx2. We run each experiment 16 times with 8 warm-
up runs and report median serial execution times. All GPU
experiments are run on an NVIDIA DGX system with 8 V100
GPUs with 32 GB of global memory, 6MB of L2 cache and
128KB of L1 cache per SM (80 SMs), and a bandwidth of
897 GB/s. We compile the CUDA code that our technique
generates using NVCC v9.0 with -O3 and --use_fast_math.

8.2 Comparative Performance
Our �rst experiments validates that the performance of the
code generated using our transformation framework per-
forms well compared to other systems, and are shown in
Figures 15–20. We evaluate three linear algebra and tensor
algebra kernels that have received a lot of attention from
researchers that study sparse linear and tensor algebra opti-
mization. These are the ubiquitous SpMV operation on CSR
matrices, the (sparse matrix)⇥ (dense matrix) (SpMM) oper-
ation, and the Matriziced Tensor Times Khatri-Rao Product
(MTTKRP) operation. We use our scheduling language to
optimize each of these for our CPU and a GPU. On CPUs
we compare the linear algebra kernels to the TACO Com-
piler [18], the Intel MKL library [15], and the CSR5 implemen-
tation of SpMV [21]. OnGPUswe compare the SpMVkernel to
cuSPARSE [25] using the CSR and hybrid format implemen-
tations of Bell and Garland [6], as well as the Merge-Based
SpMV implementation of Merrill and Garland [23]. For the
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Format  CSR({Dense,Sparse}); 
Format  CSF({Sparse,Sparse,Sparse}); 
Format SVEC({Sparse}); 

Tensor<double> A({1024,1024}, CSR); 
Tensor<double> B = read(“B.tns”, CSF); 
Tensor<double> c = read(“c.tns”, SVEC); 

Var i, j, k; 
A(i,j) = B(i,j,k) * c(k); 

A.compile(); 
A.assemble(); 
A.compute();

Online Code GeneratorC++ Tensor Library

(Vanilla) MIT License

github.com/tensor-compiler/taco
tensor-compiler.org

tensor-compiler.org/codegen/

PyTACO

Availability of TACO

http://github.com/tensor-compiler/taco
http://tensor-compiler.org
http://tensor-compiler.org/codegen
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Speeding Up Sparse Array Programming In The Python Ecosystem



Publications On TACO

http://groups.csail.mit.edu/commit/?page=publications



What Is Next…
• Novel formats for 

• Faster computation 
• More compactness 
• More types of structured data  

• Scheduling 
• Algorithmic Auto-scheduling 
• Learned Auto-scheduling 

• Unifying Sparsity  
• Tensors: TACO  
• Graphs: GraphIt 

• Hardware Support for Sparsity

Stanford Compiler and  
Language Group

Relational 

CPUs/ Sparse Distribut

Sparse Array

Unified Sparse 
Verified

Two-tier

      Commit Group

• Reimplementation of TACO sparse 
tensor theory in MLDIR

• Integrating TACO into Pydata Sparse



Commit Group
• Current & recent projects 

• SEQ:   A DSL for bio informatics  
• TACO:  A DSL for sparse tensor algebra 
• GraphIt:   A DSL for graph analysts  
• BuildIt:  A Multistage programming framework in C++  
• CoLa: A DSL for data compression 
• SimIt:  A DSL for sparse systems 
• MILK:  A DSL for Optimizing indirect memory references 
• Cimple:  A DSL for Instruction and Memory Level Parallelism 
• Codon:  A Pythonic DSL framework   
• Tiramisu:  A polyhedral compiler for data parallel algorithms 
• Ithemal:  Performance prediction using machine learning 
• VeGen: Generating Vectorizers for vector instructions beyond SIMD 
• Vemal:  Vectorization using machine learning 
• goSLP & Revec: Modernizing vectorization technology 
• OpenTuner:   An extensible framework for program autotuning



http://tensor-compiler.org/
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