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Probabilistic programming

.
I

return x+y;

uniform (0, 1) ;
y := uniform(0,1);
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Observations

Probability density function ulative distribution function

1.0-

x := uniform(0,1); °%

y := uniform(0,1); o6

return x+y; 0o
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Partial functions

x := uniform(-1,1),
x = sqrt(x);
return x;
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Loops

X 1= 2;
while x>0 {
i1f x<4 {
if flip(0.5)
X++;
} else {
X==;

}

return x;

{

start

return 0
~ 00000




Interaction of exceptions

x := 0;
while 1 {

X = X/X;
}

return x;

Prlz < oo| =0

Prll]| =1
Pr|0] =0




Interaction of exceptions Il

x := 0;

while x==0 {
x = £flip(0.5);
observe (x==0) ;

J

return x;

Prls] = 1
Pr[©] =0




Interaction of exceptions Il|

x = 10;
d := gauss(0,1);
observe (d>=-0.5) ;

_ Prlz < oo| = 0.50
while x>=0 {

Pl‘[é] = PI‘[gauss(O, 1) < —0.5] ~ 0.31
PI‘[O] = PI‘[—O.5 < gauss(0, 1) < 0] ~ 0.19

return x;



Existing denotational semantics
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Our work — Denotational semantics

a Explicitly distinguish exceptions:
"  non-termination ()
‘ * errors ()

' * observation failure ( J )

Our semantics also support

* Mixing continuous and discrete distributions
* Arrays

* The score primitive



Benefits

* Deeper understanding of
probabilistic semantics
"' * Establish correctness of probabilistic
solvers (e.g. PSl)
' * More efficient normalization in

probabilistic solvers

* Generalize to arbitrary number of
exceptions



gauss(O, 1)(5) = Pr[gauss(o, 1) < S]
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Denotational semantics

x := uniform(-1,1);

x = sqrt(x); _ sqrt (uniform (-1, 1))

return x;
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Denotational semantics - Constants

sqrt (uniform (-1, 1))



Denotational semantics - Constants

sqrt (uniform (-1, 1))

-1]: B~ R
——
[T]—%g—[0,00)

[=1]()(S) = o(=1)(5) = [-1 € 5]



Denotational semantics - Constants

sqrt (uniform(-1,1))

-1]: ]~ R
S
[T]—%g—[0,00)

[=1]()(S) = o(=1)(5) = [-1 € 5]
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Denotational semantics - Constants

[1](o)(db)[-1](o)(da)




Denotational semantics - Functions

sqgrt (uniform(-1,1))

[[uniform]]: R x R+ E
N ——’

RxR—2Xz—[0,00)



Denotational semantics - Functions
sqrt (uniform(-1,1))

[[uniform]]: R x R — ﬁ
N —’
R x R—)Eﬁ—}[OJOO)

[[uniform]](lj ?") (S) = <

o(L)(S) otherwise




Denotational semantics - Functions

sqgrt (uniform(-1,1))

[[uniform]]: R x R+ E
N ——’

RxR—2Xz—[0,00)

i _ (ﬁ)\([l,fr‘]ﬂS) [ <r
o7 = <R‘S(J—)(S) otherwise




Denotational semantics - Functions

sqgrt (uniform(-1,1))

[[sqrt]]: R+— R

R—Y%—[0,00)

[5(ya)S) 220
lsart] (2)(S) = {5@)(5) r <0



Denotational semantics - Functions

sqgrt (uniform(-1,1))

[[sqrt]]: R+— R

R—Y%—[0,00)

_Jo(v/z)(S) >0
lsart] (2)(S) = {5@)(5) r <0



Denotational semantics - Composition

sqrt (uniform(-1,1))

( luniform] : [sart] ) (1,7)(S)

( [[uniform]] >=> [[sqrt]] ) (Zj ?") (S)
= /eﬁ [[sqrt]] (’U)(S) [[uniform]] (l, ?") (d’v)




Denotational semantics - Loops

n := 0;
while !'flip(0.5) {
n++,;

}

[white 'f1ip(0.5) {n++; }]="s: -—> ([T] ~ [I])




Denotational semantics - Loops

n := 0;
while !'flip(0.5) {
n++;

}

[white !f1ip(0.5) {n++; }]™": ([I'] — [I) —>-




Denotational semantics - Loops

n := 0;
while !'flip(0.5) {
n++;

}
[white !f1ip(0.5) {n++; }]™=": ([T] — [T]) — ([T] ~ [T])

[white !flip(0.5) {n++; }]7"*" (k)




Denotational semantics - Loops

n := 0;
while !'flip(0.5) {
n++;

}
[white 'f1ip(0.5) {n++; }]™"*: ([I7]

[white...] = lim ([[white...]]“ans)n()\o.é((f)))

n—r 00



Probability kernel

Theorem: The semantics of each expression and each statement is a
probability kernel.

Prlr e Rvz e {L,0,4} =1



Properties of Semantics - Commutativity

F() % F()

1 1
0 0

E() A
while 1 {

skip;
}

return 0;

}



Properties of Semantics - Associativity

€1 —|—(€2—|—€3) ~ (61 —|—€2)—|—€3
Py (Po; P3) ~ (P P2); Ps

Proof: Relies on associativity of the product of
kernels and composition of kernels.



Score primitive

x := gauss(0,1);

2
score (/9 /2) ;
return x;
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Score primitive vs non-termination

1 := 0;
while 1 {
i1f 1i==0 ({
score (2) ;
} else {
score (0.5);

}
1 = 1-1;

J




Score primitive — s-finite kernels

Theorem: After adding the score primitive and abolishing non-
termination, the semantics of each expression and each statement is

an s-finite kernel.

Informally:

0<PrlzreRvze{l, 0L} <



~eatures of probabilistic programming
anguages

IlllJu“ﬂ ~&

mix discrete and non-determinism

continuous
@ score

@ ©
observations 0 8:5) ‘ Q. k

@ recursion higher-order
errors
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